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Abstract. We consider one-dimensional difference Schrodingcr equations 

[H(x, Ltj)ip\ (n) = — <^{n — 1) — ip{n -|- 1) + V(x + nuj)ip{n) = Eip{n) , 

n £ Z, x,ll) £ [0, 1] with real-analytic potential function V{x). If L(E,uJo) > for all E e {E' , E") and 
some Diophantine loq, then the integrated density of states is absolutely continuous for almost every lo 
close to wo, see |GolSch2l . In this work we apply the methods and results of IGolSch2] to establish the 
formation of a dense set of gaps in spec(H{x, uj)) n (E',E"). Our approach is based on an induction 
on scales argument, and is therefore both constructive as well as quantitative. Resonances between 
eigenfunctions of one scale lead to "pre-gaps" at a larger scale. To pass to actual gaps in the spectrum, 
we show that these pre-gaps cannot be filled more than a finite (and uniformly bounded) number of 
times. To accomplish this, one relates a pre-gap to pairs of complex zeros of the Dirichlet determinants 
off the unit circle using the techniques of IGolSch2] . Amongst other things, we establish in this work 
a non-perturbative version of the co-variant parametrization of the eigenvalues and eigenfunctions via 
the phases in the spirit of Sinai's (perturbative) description of the spectrum ISinI via his function A. 
This allows us to relate the gaps in the spectrum with the graphs of the eigenvalues parametrized by 
the phase. Our infinite volume theorems hold for all Diophantine frequencies up to a set of Hausdorff 
dimension zero. 

1. Introduction and statement of the main results 

The main goal of this work is to establish a multiscale description of the structure of the spectrum of 
quasi-periodic Schrodinger equations 

(1.1) [H{x, uj)tf\ (n) = -Lp{n - 1) - (p{n + 1) + V{x + nuo)(p{n) ^ ELp{n) 

in the regime of exponentially localized eigenfunctions. We assume that V{x) is a 1-periodic, real-analytic 
function, and that oj G [0, 1]. Let Hn{x, oj) be the restriction of H{x, oj) to the finite interval [1, N] with 
zero boundary conditions. Consider the union Sn = [J spec{H n {x , uj)) , where spec^H n {x , w)) stands for 

X 

the spectrum of Hn{x,lu). The set Sn is closed, so 

Sn ^ [E{N),E{N)] \ \J{E{N,k),E{N,k)), E{N) = min E, E{N) = max E 

where {E_{N, k), E{N, fc)) are the maximal intervals of [E_{N), E{N)j \ Sn- More specifically, the goals of 
this work are as follows: 

(a) To relate the intervals (^(iV, k),E{N, fc)) and (S(iV', k'),'E{N', fc')) for "consecutive scales" N > 

N'. _ 
■ To "label" the interval {E{N,k), E{N,k)) relative to the intervals {E{m, £), E{m, £)) of the 
previous scales. 

(c) To describe the mechanism responsible for the formation of the intervals {E_{N, fc), E{N, fc)) inside 
the set Sn', N' < N, independently of any {E{N' , k'),E{N', fc')) . 
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Our interest in these properties is largely motivated by possible applications to inverse spectral problems 
for the quasi-periodic Schrodinger equation and the Toda lattice with quasi-periodic initial data [Todj . 
This paper relies heavily on the methods developed in [GolSch2] . For the convenience of the reader, we 
recall - and expand upon - some of the material of that paper in Sections [2][7l The eigenvalues 



(N), 



of Hn{x,uj) are real analytic functions of a; G [0,1]. Although the graphs of the functions E^^\x,uj) 
can be very complicated, the following was proved in |GolSch2] for Diophantine w, see (|1.6p . and positive 
Lyapunov exponents: there exist intervals [E'j^ j,, E'^ j.) , fc = 1, 2, . . . , kjy, with 



<exp(-(log7V) 



kN < exp((log7V)' 



with constants 1 <C B <C A depending on u, such that if 

Ef\x,uj)i£N 



U(-E^Ar,fci^7V,fe)i 



for some j and x, then 



d,El^\x,uj)\ >exp(-N^ 



Here < (5 ^ 1 is an arbitrary but fixed small parameter. In other words, the graphs of Ej{x,uj) have 
controlled slopes off a small set £n- 




Figure 1. /-segments 



The segments of the graph where E^^'{x,uj) e / and / = iE_, E) is an interval disjoint from Sn, are 
called I-segments. They are denoted by {i?j^''(a;,a;),a;,x}, where 



E^!^\x,uj) ^ E, 



E^f^\x,uj) = E 



y-^-' — ' "J 

The /-segments are important for our purposes, because they allow us to locate the resonances and to 

describe the graphs of the functions E^^\x,u!) for N ^ N in the region where the resonance occurs. A 
possible definition of a resonance is as follows: With a constant A 3> 1 depending on uj, 



(1.2) 



E. 



-A 



for some x E T, 1 < ji, j2 < N and m > N. In fact, there is some stability in the constant A with regard 
to small perturbations of uj. 
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The significance of such resonances was explained in the work by Sinai |Sin| on quasi-periodic Anderson 
localization for potentials V{x) = Acos(27rx) in the regime of large |A|, see Sinai developed a KAM- 

type scheme to analyze the functions E^^^ (x, lu) and the corresponding eigenvectors. The critical points 

oiEf\x,uj) with TV > TV were proved to be closely related to resonances as in (jl.2p . It is very important 
for the analysis of the resonances (|1.2p in |Sin| that given x G T and ji there exist at most one j2 and 
m < N so that (|1.2p holds. For that reason the function V{x) in |Sinj is assumed to have two monotonicity 

intervals with non-degenerate critical points. That allows one to reduce the analysis of Ej^\x,uj) to an 
eigenvalue problem for a 2 x 2 matrix function of the form 



(1.3) 



Aix) 



Ei{x ~ Xq) e{x) 
e{x) E2ix — xq) 



where Ei{Q) = i?2(0), dxEi < 0, dxE2 > locally around zero, and £{x) is small together with its 
derivatives. It is easy to check that the eigenvalues E~^{x), E~{x) of A{x) plotted against x are as in 
Figure 2, at least locally around xq. 




Figure 2. Classical formation of the resonant eigenvalues 



We would like to emphasize that some of the conclusions which we reach in this paper are similar in 
spirit to those of Sinai |Sinj . This is particularly true in regards to the main result involving gaps and 
the aforementioned pictures describing the splitting of eigenvalues. At the same time, we stress that we 
use entirely nonperturbative methods (i.e., we are only assuming positive Lyapunov exponent rather than 
large |A|) and we work with more general potentials than cosine. In this respect we would like to mention 
the recent breakthrough by Puig [Pui| . who established the Cantor structure of the spectrum for the 
almost Mathieu case (cosine potential) and Diophantine uj. Earlier, Choi, Elliott, and Yui |ChoEllYuI) 
had obtained gaps for the case of Liouville rotation numbers oj. The remaining cases of irrational rotation 
numbers (i.e., those with behavior intermediate to Diophantine and Liouville) was settled by Avila and 
Jitomirskaya [AviJitj (but this again only applies to the cosine) . 

The major objective in this work is to locate those segments of the graphs of some e\^\x,uj), 

E^f^\x,uj) which look like E^{x,ijj) and E"{x,uj) in Figure 2. Ultimately, such regions give rise to 
gaps in the spectrum. Before we state the main result of this work let us recall the central notions 
involved in it. 

It is convenient to replace V{x) in by V{e{x)') (with e{x) — e^'^'^), where V{z) is an analytic 

function in the annulus Ap^ = {zgC: 1 — po < 1^1 < 1+Po} which assumes only real values for \z\ — 1 . 
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The monodromy matrices are as follows 

a 

M[,^^{z,u,E) = W A{ze{kuj),uj,E) 



(1.4) 



k=b 



A{z,oj,E) 



V{z) - E -1 
1 



a,b £ Z, a < b, E ^ C For M[i ]y^(z,uj,E) we reserve the notation Mn{z,uj, E). For almost all 
z = e{x + iy) e Ap^ the limit 

(1.5) lim N-^\og\\MN{z,uj,E)\\ 

exists; if w is irrational, then the limit does not depend on x a.s. and it is denoted by L{y, lo, E). The most 
important case is y = 0, and we reserve the notation L(a;, E) for the Lyapunov exponents L(0, w, E). We 
always assume that the frequency uj satisfies the same Diophantine condition as in |GolSch2] . namely 

(1.6) > ,, " for all n > 1 

\ / II II — n(logn)^ — 

and some a > 1. We denote the class of lu satisfying p.6p by Tc,a and further define 

Dioph := y Te,a 

a>l,c>0 

Let UJ G Dioph. By a theorem of Avron and Simon | Ayr Sim] the spectrum spec(i/ (x, u)) does not depend 
on X and we denote it by S^. 

Theorem 1.1. Assume that L{uj,E) > for any uj S {uj',uj") and any E S {E',E"). There exists a set 
of Hausdorff dimension zero such that for any uj £ (uj' , uj") n Dioph\r2, the intersection Ti^ ^{E' , E") 
is a Cantor set. 

We remark that it follows from this theorem that if L{ujo, E) > j > for some ujq e Tc,q and Eq £ R 
then there exists — p'^*'-' ( V, c, a, 7) > 0, and a set fl of Hausdorff dimension zero such that for any 
w G (wo - Wo + P^°^) n Dioph\fi the spectrum spec(7?(x, w)) n(^^o - P^°\ Eq + p^°'>) is a Cantor set. 
This is due to the fact that L{uj,E)>j/2 for aU |w - wo| < p^^'' (see jGolSchl] or [BouJitp . 

Concerning the statement of Theorem 11.11 note that the removal of a set of Hausdorff dimension zero 
cannot be achieved by a "Fubini"-type argument; rather, it requires some information on the complexity 
of a suitable cover of sets of bad frequencies uj (relative to finite volume) . Throughout this paper we rely 
heavily on the notion of "complexity" of a set real or complex numbers: if 5 C K, then 



mes (S) < e, compl(5) < K 



mean that for some intervals Ih 



K K 



k=l k=l 

In all cases considered here, Ke <C 1 and we will often replace the latter condition by the stronger 
maxfc|/fe| < e^. In the complex case, replace 'interval' by 'disk'. We derive Theorem 11.11 as a simple 
corollary of our analysis of the gap development in finite volume. The following theorem should be 
thought of as an (important) representative of the finite volume analysis - the reader will find a more 
detailed description in later sections. As usual, [y] stands for the entire part of y and is the s- 
dimensional Hausdorff outer measure of scale a, see e.g. Falconer [Fal] . Finally, we introduce the notation 



H^\x, uj) for the Schrodinger operator on [—N + 1, N] with periodic boundary conditions and 



(P) IJ ^ff(-P) 



SP^:=[jspec{HP{x,u;)) 
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Theorem 1.2. Assume that L{lj,E) > 7 > for any u) G {iLj',uj") and any E G {E',E"). Given c> 0, 
and a > 1, < s < 1 there exist positive integers Nq — No{V,c,a,j, s) and Tq — To(V, c, a, 7), A = 
A{V,c,a,j) such that for any Ni > Nq there exists a subset fijVi.s C T 

KiN,)i^N,.s) < 1, aim) = exp(~(loglogiVi)^) 

such that for all lu G Tc,a H (w', Cij")\r2jVi.s the following statement holds: Set 

NiNi,l):^Ni, N{Ni,t+l) ■.= [cxpi(N{Ni,t)f)] Vi>l 

with some small < 6 = 6{V,c,a,j) <ti 1. Then there exists N < N(Ni^Tq) depending on lo, such 
that for any interval I — {E_,E), I C {E',E") with \I\ > exp(— (log there exists a subinterval 

/(I) {e}^\e^^'') c / such that > exp{-N{Ni,To)) and S^^^l /(^^ = 0. 

In the previous theorem, we use the Hausdorff outer measure just for simphcity. In fact, one has the 
following bounds on the measure and complexity of flNi,s- 

^Ni,s^ IJ BNi,t, mes{BNi,t) < IJ'it), comp\{BNi,t) < C{t) 

l<t<To + l 

where fj.(t) = exp(-(loglogiV(A^i, t))'^), C(i) = A^W- 

It is not clear how to pass from Theorem ll.2l to Theorem 1 1.11 via the basic definition of the spectrum in 
alone. The well-known description of the spectrum via polynomially bounded solutions (via the Schnol- 
Simon theorem) appears not to be too helpful in this context, either, since it is an existence theorem and 
thus non-effective. Let us recall in passing that the "proper" spectrum E(j, which is the closure of the set 
{Ej{x,uj)}j of the eigenvalues of H{x,u!), does noi depend on x, whereas the set {Ej{x,u!)}j of eigenvalues 
itself does. The methods developed in |GolSch2j . and which are expanded upon here, are centered around 
the parametrization of the eigenvalues by the phase. Amongst the properties of these parametrizations 
we single out the crucial separation as the most important; it says that the eigenvalues Ej^\x,uj) of 
iJ[_Ar_Ar](a;,a;) satisfy 

\Ef\x,.)-Ei''\x,.)\>e-^' 

for any j ^ k provided E^^\x,uj) ^ Sn.<jj where the latter set is small both with regard to measure 
and complexity, see Section [7] for more details. In his seminal paper [Sin] on cosine-like potentials, 
Sinai introduced a (multi-valued) function A, defined almost everywhere on T, which allows for the 
parametrization of the eigenvalues in the infinite volume in a co-variant fashion. This means that for 
almost every a; € T, the set {h.{x -f iuj)}J^_^ is the complete set of eigenvalues of H{x,uj) and the 
associated orthonormal basis of eigenhmctions {i/jj{-,x,uj)}j^_^ satisfies 

1pj{-,X + UJ,UJ) = + l,x,uj) 

The following theorem on infinite volume Anderson localization arises as part of our construction of gaps. 
It is proved via an induction on scales argument with a suitable finite volume localization statement at its 
core. Amongst other things, it shows that the set of exceptional frequencies u which need to be removed 
from all Diophantine uj in order to ensure Anderson localization in the work of Bourgain and the first 
author, see |BouGol| . is of Hausdorff dimension zero. The positive measure statement in the theorem 
improves on [Bou2| for the same reason. However, our proof of localization is very different technically 
speaking from the one in [BouGol] and property (4) in the following theorem is new. In essence, this 
property controls the number of monotonicity intervals of Sinai's function. 

Theorem 1.3. Assume that L{ijJo,E) > 7 > for some ldq G Tc,a o.'rid any G M. Then there 
exist = /9(°^(F, c, a, 7) > 0, and a set 57 G T 0/ Hausdorff dimension zero such that for any uj G 
(wo ^ p'^'^K^Q + /''■*'■') n Dioph\r2 the spectrum satisfies mes (S;^) > 0. Furthermore, there exists a set 
Buj d T of Hausdorff dimension zero, such that for any a: G T \ B^^ the following conditions hold: 
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(1) There exists an orthonormal basis {ipj{x,U!, of eigenf unctions of H{x,Ljj) int'^{'L), 

H(x,uj)ipj{x,ijj, ■) = Ej{x,uj)'ipj{x,Lu, •) 
Moreover, each function ipj{x,LO,-) is exponentially localized and 

lim (2\N\)-^\og{\i;,{x,Lo,N)\^ + \^,{x,LO,N = -L{u;,E,{x,u)) 

\N\^oo 

(2) The eigenvalues Ej (x, lo) are simple 

(3) The set B^j is invariant under the shifts a; n- a; + muj (mod 1), m G Z. For any x ^T\Blo, j > 1, 
and TO e Z , ipj{x,LO, ■ + to) is the eigenfunction of H{x + mLO,Lo) with the eigenvalue Ej{x,uj) 

(4) For each E €R the set 

T{E) -.^ {x eT\B^ : 3j so that E ^ Ej{x,Lo)} 

is either empty or consists of a union of trajectories T{x{E, k)), x{E, fc) G T \ B^j, 1 < fc < k{E) 
where k[E) < C{V) < oo and 

r{x) ■.= x + ujZ (mod 1) 

If V is a trigonometric polynomial of degre^ ko, then C{V) < 2fco. 

We feel that the methods of this paper, combined with some "soft" measure theoretic consideration, 
should allow for the construction of a true Sinai's function. I.e., we claim that there exists a function A : 
T — > R, defined up to a set of Hausdorff dimension zero and with at most C{V) monotonicity intervals 
where C{V) is as in part (4) above such that 

Ej{x,uj) ^ A{x + juj) yjez,\/xeT\n 

where fl is of Hausdorff dimension zero. However, we have chosen not to pursue this issue here. 
In Section [13] we derive a detailed finite volume version of Theorem 11.31 Amongst other things, this 
derivation gives an effective quantitative description of the spectrum of the problem (jl.ip on the whole 
lattice Z in terms of the spectrum on finite volume and also allows for a simple transition from Theorem 1 1.2 1 
to Theorem 11.11 The co- variant parametrization of the eigenvalues and eigenfunctions via the phases is 
based on the description of the exponentially localized eigenfunctions on the interval [—N, N] by means 
the eigenfunction on the interval [—N,N] with N < N, combined with the aforementioned quantitative 
repulsion property of the Dirichlet eigenvalues on a finite volume. We discuss these results in Sections [SHT] 
As already mentioned before, we produce gaps (on finite volume) from resonances of the previous scale. 
This requires restricting the graphs of the eigenfunctions to segments which have a controlled slope (in 
the sense of a favorable lower bound). Thus, in Section [10] we introduce /-segments {Ej^\x,uj),x,x^ 
of the graphs of the eigenfunctions on a finite volume [—N,N] which have slopes bounded below (in 
absolute value) by e~^ . Amongst those we single out regular /-segments which have the property that 
the eigenfunctions with eigenvalues E^j^\x,uj) are supported away from the boundary of [~N,N] for 
all X < x < X. This is needed in order to assure that crossing /-segments do indeed form a resonance 
at a larger scale as in the figures above. For that we use the spectrum and the eigenfunctions of the 
Schrodinger operator on a finite interval with periodic (respectively, antiperiodic) boundary conditions. 
The key analytical tool for the study of periodic boundary conditions consists of a large deviation estimate 
for the trace of the propagator matrix Mn which we derive in Section [3] We now describe the strategy 
behind the proof of Theorem 11.21 in more detail. One first shows that segments Ei{x), E2{x) as in the 
matrix (|1.3p exist. Invoking the estimates for the separation of the Dirichlet eigenvalues and the zeros of 
the Dirichlet determinants established in [GolSch2] , one next shows that the resonance defined by Ei , E2 
leads to two new eigenvalues E^{x),E~'{x) of the "next scale", see Figure 2. We call the interval 

(ma.xE~{x), mmE^{x)) 



This means that V{x) = X]fcL_feo ake(kx) with a_fc = a^. 



RESONANCES AND THE FORMATION OF GAPS 



7 



a pre-gap at scale N . The interval J here is the common domain of Ei and i?2- At this point one faces the 
obstruction of a so-called triple resonance. Recall that the resonance defined by (|1.2p is called a double 
resonance if, with B ^ A from (|1.2p , 



for any pair (ja, m') ^ (j2, w), with m <^m' < N , where N x exp(Af'') is the "next scale". Otherwise it 
is called a triple (or higher order) resonance. 

As mentioned above the triple resonance obstruction already appears in Sinai's perturbative method [Sinj . 
see also Bourgain's paper on almost Mathieu [Boul| . In fact, by the choice of a cosine-like potential and 
for large |A| this type of resonance is excluded in [SinJ and poul| . For general potentials, it was shown 
by J. Chan [Cha| that if 

\d^Ef\x,u)\ -f \d^^E^''\x,Lo)\ > X{N,Lu) > 
with a suitable function X{N,uj), then triple resonances do not occur for most uj. In Section [T3] we follow 
a similar approach in the case where the graphs Ej^\x,cij) have controlled slopes. Moreover, for the case 
of analytic potentials, one can show that the triple (or higher) resonance obstruction can occur only for 
a set of frequencies of Hausdorff dimension zero. 

In order to run an "induction on scales" argument that shows how pre-gaps in finite volume eventually 
lead to gaps in infinite volume, we invoke the mechanism of counting complex zeros of the characteristic 
determinants of Hn{x,uj) as developed in [GolSch2) . Using complexified notations, the characteristic 
determinants are as follows: 



(1.8) 



fNiz,uj,E)^det{HNiz,u)^E) 

V{zeiuj))-E -1 
-1 V{ze{2Lu)) 



E 



-1 



-1 



V{ze{Nuj)) -E 



-1 

where 

(1-9) f[a,b]{z,uj,E) = fb^a+i{ze{auj),uj,E) 

For future reference, we remark that for any interval A C Z, H\{z,lu) denotes the matrix obtained from 
H{z, uj) by restriction to A with Dirichlet boundary conditions; in addition, we let /a '■— det{H\ ~ E). As 
already remarked above, we write i?jv and for i?[i,jv] and /[i,Ar], respectively (although occasionally, 
the same notation will also be used relative to the interval [—N, N]). It is well-know that these functions 
are closely related to the monodromy (or propagator) matrices (jl.4l) . In fact, 

fN{z,uj,E) ~fN-i{ze{uj),u;,E) 
Jn-i{z,u,E) -fN-2{ze{uj),uj,E) 

By means of this relation, large deviation estimates and an avalanche principle expansion for the function 
log \fN{z,ui,E)\ were developed in [GolSch2) . In Section [2] we recall the statements of these results and 
prove some corollaries. These corollaries, combined with a suitable version of the Jensen formula (see (e) 
in Section[2]) enable one to locate and count the zeros of /a^ (', E) in the annulus Ap„ and its subdomains. 
In particular, this technique allows one to claim that if 



(1.10) 



MNiz,LO,E) 



E e {ma-xE^{x) + cxp[-N^^^),mmE+{x) - exp(-iV^'^)) , 

where (maxi?~(x),min£^+(a;)) is a pre-gap at scale N, then fjj-{-,uj,E) has two complex zeros = 
e{xe + iye), with exp(— A^'^) > \yi\ > exp(— A^''), i — 1,2. This is due to the absence of triple resonances 
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and the stability of the number of zeros of /]y(-, w, E) under smaU perturbations of E. The most effective 
form of the last property consists of the Weierstrass preparation theorem for /Ar(-, uj, E), which is described 
in part (g) of Section [2l To complete the description of the formation of a gap from a pre-gap we use 
the translations of the segments {E^^\x), x, x} under the shifts x i-^ x + kcu. Using the localization 
property of eigenfunctions on a finite interval (see Section ^ , we show that if a double resonance (|1.2p 
occurs then the same is true for a sequence of segments which are "almost" identical with the shifts 
Ej-^ (x + kuj), Ej^ (x + koj), 1 < k < A^(l — 0(1)). This method is explained in great detail in Sections [TTIfT2l 
In particular, the possible locations of the "center of localization" of an eigenfunction plays an important 
role with the "bad case" being when this center is too close to the boundary of the finite volume interval. 
Due to this method we obtain a whole sequence of complex zeros (k,e = e(^xi + kcu + iyg) of fN{-,t^, E). 
So, the numbers 

Mn{E) = iV-i#{z : 1 - pjv < < 1 + PAT, fN[z, uj, E) = O} 

Pn = exp(— A^"^) decrease at least by 2 — o(l) by going from scale N to scale iV, provided E is in the pre- 
gap. After a finite number of inductive steps one can locate a gap and complete the proof of Theorem II. 21 
Needless to say, the zero counting mechanism for the Dirichlet determinants from [GolSch2] plays a crucial 
role here. The relevant sections in this regard are[3]and[ni where the applications of the Jensen formula and 
the avalanche principle expansions, respectively, are presented. For a summary of [GolSch2] see |GolSch4] . 
and for a heuristic discussion of gaps in the context of this paper see jGolSchS] . 

2. A REVIEW OF THE BASIC TOOLS 

In this section we give a sketch of the main ingredients of the method developed in [GolSch2] . We 
of course do not reproduce all the material from that paper in full detail, and refer the reader for most 
proofs to |GolSch2] . We start our discussion with the classical Cartan estimate for analytic functions. 

(a) Cartan Estimate 

Definition 2.1. Let H ^ 1. For an arbitrary subset B C I?(zo, 1) C C we say that B E Ca.i-i{H, K) if 

jo 

;B C IJ 'D{zj,rj) with Jq < K, and 

(2.1) V r, < e-" . 



d 



If d is a positive integer greater than one and B (Z Y[ ^(^i.Oi 1) C C then we define inductively that 

i=l 

B e CaTd{H, K) if for any 1 < j < d there exists Bj C I?(zj_o, 1) C C,Bj G Cari{H, K) so that 
b'^P £ G&id-i{H, K) for any zeC\ Bj, here = {(zi, . . . , za) C B : Zj ^ z] . 

Remark 2.2. (a) This definition is consistent with the notation of Theorem 4 in Levin's book [Levj . p. 79. 
(b) It is important in the definition of Gai d{EI , K) for d > 1 that we control both the measure and the 
complexity K of each slice Bz^\ ^ < j < d. 

The following lemma is a straightforward consequence of this definition. 

Lemma 2.3. 

d 

(1) LetBj eGaTdiH,K),Bj C 25(^^,0, 1); j 1, 2, T. ThenB ^[j Bj e CaTd{H~logT,TK). 

j — 1 j 

(2) Let 

d 

BeC'dYd{H,K), BcY[v{z,,o,l) 

3=1 
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Then there exists 

d 

B' eC&Td-i{H,K), B' cY[v{zj,o,l) 

such that i8(tt,2,...,torf) € CaTi{H, K), for any {w2, ■ ■ ■ ,Wd) € B' . 
Next, we generalize the usual Cartan estimate to several variables. 

d 

Lemma 2.4. Let ip{zi, . . . , Zd) be an analytic function defined in a polydisk V — Y\ V^Zj^, 1), Zj^o G C. 

Let M > sup log I (^(z) I, m < log|<y9(zg)|, Zq — {zi^, . . . ,Zdft). Given H ^ 1 there exists a set B C V, 

B e Caid{H^^'^, K), K ^ CdH{M - m), such that 

(2.2) ^og\ip{z)\ > M - CdH{M - m) 

for any z G O^^i ^(^j.o, 1/6) \ B. 

Proof. The proof goes by induction over d. For d — 1 the assertion is Cartan's estimate for analytic 
functions. Indeed, Theorem 4 on page 79 in [Lev] applied to f{z) = e^"^(p{z) yields that 

log\ip{z)\ > m-CH{M -m) = M - {CH + 1){M ~m) 

holds outside of a collection of disks {'D{ak,rk)}^^i with ^fc ^ exp(— iJ). Increasing the constant C 

leads to (|2.2[) . Moreover, K/5 cannot exceed the number of zeros of the function ip{z) in the disk 'D{zifi, 1) 
counted with multiplicity, which is in turn estimated by Jensen's formula, as < M — m, see the following 
section. Although this bound on K is not explicitly stated in Theorem 4 in [Lev] , it can be deduced from 
the proofs of Theorems 3 and 4 in [Lev] . Indeed, one can assume that each of the disks I?(afc, r^) contains 
a zero of ip, and it is shown in the proof of Theorem 3 in [Levj that no point is contained in more than 
five of these disks. Hence we have proved the d = 1 case with a bad set B e Cari(i?, C{M — m)), which 
is slightly better than stated above (the H dependence of K appears if d > 1 and we will ignore some 
slight improvements that are possible to the statement of the lemma due to this issue) . 

In the general case take 1 < j < c? and consider '(/'(z) = ip(^z\fi, . . . , Zj-\fi,z, Zj+i^, . . . , Zd,o) ■ Due to 
the d=l case there exists B^^^ G Cari(i/i/'^, Ci(M - m)), such that 

log|i/)(z)| > M - CiH^/'^{M - m) 

for any z g Vi^Zj^^ 1/6) \ S*-^-*. Take arbitrary Zj i e T>(^Zj_Q, 1/6) \ S^-'^ and consider the function 

x(zi,Z2, . . . ,Zj_i,Zj+i, ...,zd) = (p{zi, . . . ,Zj_i,Zja,Zj+i, ...,Zd) 

in the polydisk T" := J] T^izi.o, l)- Then 

suplog\x{zi, . . . , Zj_i, Zj+i, . . . , Zd)\ < M, 
v 

log|x(zi,o, . . . ,Zj_i,o,Zj+i,o, . . . ,Zd,o)| > M - CH^/'^{M - m). 
Thus X satisfies the conditions of the lemma with the same M and with m replaced with 

M - CH^/'^{M - to). 

We now apply the inductive assumption for rf — 1 and with H replaced with H~d- to finish the proof. □ 

Later we will need the following general assertion which is a combination of the Cartan- type estimate of 
the previous lemma and Jensen's formula on the zeros of analytic functions, see (e) of the present section. 
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Lemma 2.5. Fix some Wq = (wi, 0,^2,01 • • ■ i^dfl) € C and suppose that f{w) is an analytic function 
d 

in V — Y[ ^(""^i.Oil)- Assume that M > sup^gp log and let m < iog\f{wi)\ for some Wi = 

j=i ' ~ 

d d 

W2,i, . . . , Wd,i) G n ^'(w^j.o, 1/2). Given iJ > 1 there exists B'jj d V = Jl ^(w'i.o, 3/4), B'^ e 
i=i i=2 
Carrf_i (i/i/'', K), K ^ CH{M - m) such that for any w' = {w2, . . . ,Wd) G 7^' \ the following holds: 

\og\f{wi,w')\ < M - CdH{M - m) for some wi € V{wifi,l/2), 

1 

f/ien there exists wi with \wi — Wi\ ^ e^^"^ such that /{wijU/) = 0. 

Proof Due to Lemma O there exists Bh cV, Bh e Csid{H^''\ K), K = CdH{M - m) such that for 

d 

any w G H ^(^j.Oj 3/4) \ Bh one has 

j=i 

(2.3) log I /(w) I > A/ - CdH{M - to) . 

d 1 

By Lemma [231 part (2), there exists ^^^11 '^{wj.Q,'^), B'^j £ C&t d-i{H d ^ K) such that [Br)^, S 

Qwx[H-d,K) for any uJ = {w2, ■ ■ ■ , Wd) E B'^- Here {B)w! stands for the w' -section of B. Assume 

log u;')| < A/ - CdH{M - to) 

for some wi e X'(wi,o, 1/2), and w' G Since (Sh)^, G Cari , /C) there exists r < exp(-i7i/^) 

such that 

{z:\z-wi\^r]r\{BH)^^% ■ 

Then in view of (j^ . 

log |/(z,i«')l > ^'^ - CdH{M - m) 
for any |z — = r. It follows from the maximum principle that f{-,w') has at least one zero in the disk 
2?(wi,r), as claimed. □ 

(b) Large deviation theorem for the monodromies and their entries 

Let Mn(z, oj, E) be the monodromies defined as in (|1.4p . The entries of M„(2:, w, E) are the determinants 
f[i+a,N-b]{z,i^,E), a,be {0,1}, see (HH), (HH). Let 

L{y,uj,E)= lim A^"^ / log ||MAr(e(x + iy), t^, £')|| 

be the Lyapunov exponent. We shall assume throughout this paper that the Lyapunov exponents are 
bounded away from zero; the positive lower bounded on the Lyapunov exponent will typically be denoted 
by 7. We shall also adhere to the following convention regarding constants for the remainder of the paper: 

Definition 2.6. Constants appearing in the paper will be denoted by A, B, C as well as Aj, Bj, Cj, j > 0. 
As a rule, they will be allowed to depend on uj,j,V,E. The dependence on V will only be exclusively 
through po > and || V^||l°°(.Ap(,) where V is analytic on the annulus Apg. Moreover, the dependence on uj 
will be only through a, c where lo G Tc,a- Finally, constants depending on E will be uniform for E ranging 
over bounded sets. For any positive numbers a, b we let a b denote a < Cb and a <^b denote a < C~^b. 
Finally, a^h stands for a "^h and h a. 

We now state the large deviation estimates (LDEs) which are fundamental to the arguments of this 
paper. It will be assumed tacitly that V is analytic on Ap^ for some po > and Definition 12.61 will be in 
force. However, we shall for now not assume that V is real-valued. 
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Proposition 2.7. Assume that L{y,ui,E) > 7 > for some y E {—po/lO, po/10), uj £ Tea, E E C 
Then for any N > 2, 

(2.4) nies{a;eT : \\og\\MN{e{x + iy),uj, E)\\ - NL{y,u, E)\ > H} < C exp{~H / (logN)^") 

(2.5) mesjxeT : \\og\fN{e{x + iy),Lu,E)\-NL{y,uj,E)\>H}<Ccic-p{-H/{\ogN)^°) 
for allH > {logN)'^". 

We remark that it makes no difference here whether we write NL or NLj^. This is due to the estimate 

< LNii^,E) - L{lj,E) < ^ \fN>l 



from [GolSchl] . The bound (|2.4p for the monodromies (in an even sharper form) is in [GolSchl] . 
In [GolSch2] it is shown how to pass from (|2.4p to (12. 5p . see Sections 2, 3 of that paper. 

(c) The avalanche principle expansion for the Dirichlet determinants 

Another basic tool in this paper is the following avalanche principle, see [GolSchl] and [GolSch2] . 
Proposition 2.8. Let Ai, . . . , yl„ be a sequence of 2 x 2-matrices whose determinants satisfy 



(2.6) 

Suppose that 
(2.7) 

(2.8) 
Then 



max I det A,- 1 < 1. 

l<j<n 



min 1 1 A,- 1 1 > fi > n and 

l<j<n 

max [logP,+i|| +log||A,| 

l<j<n 



(2.9) |log||A„.....Ai||+^logP, 

with some absolute constant C. 



\og\\A,+iA,\\] < -log/x. 



n-l 

^log||A,+iA,||| <C- 

3 = 1 ^ 



Combining this with the large deviation theorems from above yields the following expansion for the 
determinants. Let fN{z,w,E) be the determinants defined as in (jl.Sp . and let L{uj,E) be the Lyapunov 
exponent as above but with y = 0. As before, V is analytic on Apg. For convenience we will assume that 
V is real- valued. As mentioned above, any constant depending on V depends only on po and ||^^|1l°°(^p,-,)- 

Corollary 2.9. Assume that L{lo,E) > 7 > for some u) e Tea, E E C There exists Nq = 
No{V,u>,^, E), p^°^ = p'^°'>{V,uj,j,E) > such that for any N > No{V,uj,^, E) and any integers . . .,£n, 
{\ogN) ° < < cN (where Cq = Co (a) is a large constant), '^ij — N the following expansion is valid: 



n-l 



(2.10) 



log|/w(e(x + ij/),c^,S)| =^ log||.4,+i(z)yl,(z)|| log||A,(z)||+0(exp(-f/2)) 



for any z = e(x + iy) E Ap^^ \ Bn.uj.e, where 



B 



ko 



U I?(a,exp(-^i/2)) 
Am{z) = Mi^{ze{smio),U!, E) , 
Ai{z) ^ Me,{z,uj,E) 

Mi^{ze{SnUj),LjJ,E 



1 




An{z) 



1 




J=2 



j 

m = 2, . . . , n — 1 
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and with s„i = ^i- 

A detailed derivation of this theorem can be found in Sections 2 and 3 of |GolSch2| . 
(e) Uniform upper estimates on the norms of monodromy matrices 

The proof of the uniform upper estimate is based on an appHcation of the avalanche principle expansion 
in combination with the following useful general property of averages of subharmonic functions. 

Lemma 2.10. Let 1 > p > and suppose u is subharmonic on Ap such that sup^^j^^ u^z) < 1 and 
Jj, u(e{x)) dx > 0. Then for any ri, ^2 so that 1 — | < ri, r2 < 1 + ^ one has 

\{u{r,ei■)))-{uM■)))\<Cp\r^-r2\, 

here{v{-))=J^v{Odt 

For the proof see Lemma 4.1 in [GolSch2] . This assertion immediately implies the following corollary 
regarding the continuity of Lm in y. 

Corollary 2.11. Let LN{y,Lo,E) and L{y,uj,E) he defined as above. Then with some constant p > 
that is determined by the potential, 

\LN{yi,uj,E)~ LN{y2,(^,E)\<C\yi~y2\ for all |yi|,|2/2|<p 
uniformly in N. In particular, the same bound holds for L instead of Ljq so that 



implies that 



miL(w,E) > 7 > 



inf L{y,uo,E)>l. 



The following result improves on the uniform upper bound on the monodromy matrices from [BouGol] 
and [GolSchl] . The (logiV)"^ error here (rather than N'^ , say, as in [BouGol] and [GolSchl ]) is crucial 
for the study of the distribution of the zeros of the determinants and eigenvalues, see Proposition 4.3 
in |GolSch2] . We remind the reader of our convention regarding constants, see Definition 12.61 

Proposition 2.12. Assume L{uj,E) > 7 > 0, w G Tea- Then 

suplog\\MN{x,iu,E)\\ <NLN{Lo,E) + C{logNf« , 

for all N>2. 

We now list some applications of this upper bound. See Section 4 of |GolSch2] . 
Corollary 2.13. Fix u>\ E Tea and Ei e C, \y\ < po. Assume that L{y,uJi,Ei) > 7 > 0. Then 
sup{\og\\MN{e{x + iy),uj,E)\\ : \E - Ei\ + \uj - uji\ < , xeT} 
<NLNiy,coi,Ei) + Ci\ogNf- 

for all N>2. 

The importance here lies with the large size of the perturbations: a crude argument would only allow for 
perturbations of size e~'^^ . To achieve the much larger size N~'^' one needs to invoke the avalanche prin- 
ciple with smaller factors of size £ x log N which is allowed by the sharp LDE (on scale i) from [GolSchl] . 

Corollary 2.14. Fix uji G Tea and Ei G C, \y\ < pq. Assume that L{y,u!i, Ei) > 7 > 0. Let d denote 
any of the partial derivatives dx,dy, Be or . Then 

snp{\og\\dMN{e{x + iy),uj,E)\\ : \E ~ Ei\ + \uj - <N-°,xeT) 

< NLN{y, ioi, El) + C (log Nf" 

for allN>2. Here Ci = Ci(a) and C ^ CiV, po,a,c,-/, Ei). 
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Proof. Clearly, for all x, y, lu, E, 
dMN{e{x + iy),uj,E) 



N 



A/jv_„(e(2; + nuj + iy),uj, E) d 



V {e{x + nuj + iy)) - E -1 
1 



Mn^i{e{x + iy),oj,E) 



Since \E — Ei \ + \u) ~ u)i\ < N , the statement now follows from Corollarv l2.131 Corollary 12. Ill as well 
as the rate of convergence estimate 

0<Ln{lo,E)-L{uj,E)<^, ViV>2 
from [ColSchlj . □ 
The previous bound on the derivatives implies the following bound on differences of propagator matrices. 
Corollary 2.15. Under the assumptions of the previous corollary, 
\\MN{eix + iy),uj,E) - Mjv(e(a;i + iyi),uji, Ei)\\ 
<{\E-Ei\ + \uj - uji\ + \x - xi\ + \y - yi\) ■ exp{NLN{yi,iUi,Ei) + CilogNf") 
provided \E — Ei \ + \uj — uji \ + \x — xi \ < N"'-^ , \yi \ < po/2, |y — yi| < N^^ . In particular, 



log 



(2.11) 



\fN{e{x 


^iy),uj,E)\ 


/Ar(e(xi 4 


- m),i^i,Ei)\ 



< (|£^-£^i| + \uj~uji\ + \x-xi\ + \y-yi\) 
exp{NL{yi,LUi, El) + CilogNfo^ 



\fN{eixi + iyi),uji,Ei)\ 
for all N > 2 provided the right-hand side of (|2.1ip is less than 1/2. 
Proof. For (j2.11|) estimate 

\fN{e{x + iy),uj,E) - /w(e(a;i + iyi),uji, Ei)\ 

<{\E~Ei\ + \iu~uji\ + \x~xi\ + \y~ yil) sup \dfN{e{x' + ly'), J, E')\ 



(2.12) 



where the supremum is taken over all x', y', lo' , E' on the line joining (x, y, uj, E) to (xi, yi,uji, Ei) and d 
stands for the derivative in all variables. By CoroUarv 12 . 141 we can bound 

sup |d/Ar(e(x' + zy'), < exp(iVL(yi, c^i, Si) + C(log iV)^«) 

Dividing \2.12\ by /Ar(e(a;i + iyi),uji, Ei) therefore yields 

\fN{e{x + iy),u),E)\ 



|/7v(e(a;i + iyi),uji, Ei)\ 



<{\E-Ei\ + \oj- 0Ji\ + \x-xi\ + \y- yi\) 



exp{NL{yuUJi,Ei) +C{logN)^o) 
|/Ar(e(a;i + iyi),uji, Ei)\ 

By assumption, the right-hand side here is < i. Hence, (|2.1ip follows by taking logarithms. 

A particular instance of this bound is the following one. 
Corollary 2.16. Using the notation of the previous corollary one has 

\MN{e{x + iy),uj,E)\ 



□ 



(2.13) 
(2.14) 



log- 



log 



MN{e{xi + iyi),uji,Ei] 
\fN{e{x + iy),uj,E)\ 



|/Ar(e(xi +iyi),LUi,Ei)\ 



< C cxp{- {log Nf°) 
< C exp{-{log Nf«) 
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for any \E - Ei\ + \uj - uji\ + \x - xi\ + \y - yi\ < exp(-(log TV)^'^") , xi E Apg/2 \ By,^u:i,Ei, where 

,ui,Ei) l£ CN. In particular, 

(2.15) \L{y,Lo, E) - Liyi.ui, Ei)\ < C exp{-i\ogNf°) 
provided \E - Ei \ + \uj - uji \ + \y - yi \ < exp(-(logiV)'"^o) . 

An important application of the uniform upper bounds is the following analogue of Wegner's estimate 
from the random case. We provide the proof here just to demonstrate how the previous corollaries can 
be apphed. 

Lemma 2.17. Let V be analytic and real-valued on T as in the previous result. Suppose to G Tc,a- Then 
for any E eR, H > {logN)'^" one has 

(2.16) mes {a; G T : dist(spec(iJAr(a;, w)), £;) < exp(-iJ)} < exp(-ff/(log7V)"^°) 

for all N >2. Moreover, the set on the left-hand side is contained in the union of < N intervals each of 
which does not exceed the bound stated in (|2.16p in measure. 

Proof. By Cramer's rule 

(2.17) \{HN{x,Lu)-Ey\k,m) 

By Proposition Ens 

log I /[i,fc] (eix), u;,E)\+ log | f[,n+i,N] (e(x), iu,E)\< NL{io, E) + C(log Nf- 
for any a; G T. Therefore, 

(2.18) \\{Hn{x,uj) - Ey'\\< N 
for any a; G T. Since 

dist(spec(iJAr(a;, w), i?)) = \\[Hn{x,ijj) — E) ^|| \ 
the lemma follows from Proposition 12.71 □ 



/[i,fc](e(a:),t^,-B) 


\f[m+l,N] 


{e{x),LO,E)\ 




\fN{e{x),uj,E)\ 





\fN[e{x),uj,E) 



Next, we derive an important application of Lemma [23] and Proposition [27T2] to the Dirichlet determi- 
nants /jv- The constants Co, Ci, C2 depend on uj as explained above, see Definition 12.61 



Corollary 2.18. Suppose uj G Tc,a- Given Eq e C and H > {logNy^, N >2, there exists 

Bn,EoAH) C C, Bn,EoAH) G Cari(Vi7, HN^) 
such that for any 2: G C \ Bn,Eo.u{H) with |Imz| < N^^ , and large N the following holds: If 
\og\fN{e{z),uj,E^)\ <NL{u,Ei)-H{\ogNf\ - ^i| < exp(-(log7V)^-), 

then fi^(e{z),uj,E) = for some \E — Ei\ < exp(— ViJ). Similarly, given xq G T and |yo| < N^^, let 
zq = e{xo + iyo). Then for any _ff 3> 1, the following holds: if 

log \fN{zo,iu,E)\<NLiLu,E)- H{log Nf- , 
then fN{z, -E) =0 for some \z — zqI ^ exp(— i/). 

Proof. Set vq = exp(— (log A^)*^") with some (large) constant Cq — C'o(a) as above. Fix any zq with 
\zo\ = 1 and consider the analytic function 

/(z, E) = fNizo + iz- zo)N-\Eo + {E- Eo)ro, u;) 

on the polydisk V = V{zo, 1) x V{Eo, 1). Then, by Proposition [2A2l 

suplog|/(z,i;)| < NL{Eo,uj) + C{\ogNf° = M 

V 
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and by the large deviation theorem, 

\og\f[z^,Eo)\> NL{Eo, Lo)- {log Nf'^ 
for some |zo — zi\ < 1/100, say. By Lemma [2 . 5 1 there exists 

B,„E„AH) C C, B,,,EoAH) e Cari(/ff,F(log7V)^0 
so that for any z € ^{zo, 1/2) \ Bzq,e„.lj{H) the foUowing holds: If 

\og\f{z,E,)\<NL{Eo,u;)-H{\ogNf' 

for some \Ei - Eq] < 1/2, then there is E with \Ei - E\ < exp(-V^) such that /(z, E) = 0. Now let Zq 
run over a A^^^-net on \z\ = 1 and define Bn,Eo.,uj{H) to be the union of the sets zq + N~^Bzo,Eo,uj{H). 
The first half of the lemma now follows by taking C2 sufficiently large and by absorbing some powers of 
log N into H if needed. 

The second half of the lemma dealing with zeros in the z variable can be shown without appealing to 
Lemma [2.51 Indeed, we apply Cartan's estimate in d = 1 directly to u(-) = log |/^r(-, cj, on the disk 
T>{zo,N~'^). By the preceding the Riesz mass of u{-) on this disk is at most (logA^)*^". Hence, we can 
find a radius r x exp(— i?) so that 

min \og\jN{z,uj,E) \ > NL{uj, E) - H{logNf^ 

\z-zo\=r 

Now if 

log \fN{zo,L^,E)\<NL{LO,E)- (log Nf- , 
then from the maximum principle /Ar(zo, i?) = for some \z — zo\ < r as claimed. □ 

CoroUarv 1 2 . 1 81 should be thought of as a converse to the large deviation theorem in some sense; indeed, 
it shows that if log |/Ar| is too small at some point, then nearby there must be a zero. In other words, and 
not surprisingly, zeros are responsible for the failure of the large deviation estimates. 

The following result allows us to translate separations of an energy Eq from the spectrum of Hn{x, uj) 
into quantitative lower bounds on log |/Ar(x, cj, i?o)|. For it we need V to be real-valued on T. As usual, 
w £ Tc,a, and we remind the reader that Ci,C2 etc. depend on oj, see Definition 12.61 Before proving it, 
we recall a basic fact of Hermitian matrices. It will be applied repeatedly in this paper. 

Lemma 2.19. Suppose A is a Hermitian n x n-matrix. Further, let B be another n x n-matrix with 
\\A^ B\\ < e in operator norm. Then 

dist(spec(yl), spec(i3)) < e 

Proof. Suppose z € C satisfies dist(z, spec(74)) > e. Since A is Hermitian, we see (from the spectral 
theorem) that 

Then 

00 

R{z) ^(A - B)"{A - z)-("+i) 

n=0 

converges as a Neuman series in operator norm. Moreover, R{z){B — z) — [B — z)R{z) = /, the identity. 
Hence z G C \ spec(_B) whence the lemma. □ 

We can now state another important type of converse of the large deviation theorem. 

Corollary 2.20. Let V be real-valued on T. Assume that for sufficiently large N , xq € T , Eq € M. one 
has 

{Eo -t],Eo + rj) n spec(iJAf(a;o, w)) = 
with rj < exp ( — (log A^) ) . Then 

log I fN (e(xo), Lu,E)\> NLiuj,Eo)- (log Nf' log - 
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for any \Eo-E\<^. 
Proof. Suppose that 

log|/^(e(xo),c^,£;i)| <NLiuj,Eo)^{logNf' 
for some \Ei ~ Eq\ < ^. Then there is zi e C with \zi — xq\ rj so that 

fN{e{zi),oj,Ei) -0 

Since Hn{x,uj) is Hermitian for a; € T, it foUows from Lemma [2.191 that the eigenvalues E^^\-,uj) satisfy 

\E\''\z,u:)-Ef\xo,u)\<C\x^-z\ Vz G ^p„/2 
In other words, there is some E2 with \E2 ~ Eq\ < rj such that 

fN{e{xo),uj,E2) = 

However, this contradicts our assumption. □ 

We now address the important issue of a large deviation estimate with regard to the E variable. 
Lemma 2.21. Let luq G Tc,a o-nd xq G T. Then there exists xi G T so that 

\xi-xo\ < exp(-(log7V)^°) 
dist (spec(i?Ar(xi,LJo)), spec(iJAr(xo,t^o))) > exp(-(logA^)*^i) 

where Co < Ci. 

Proof. Write spec(i?Ar(xo, t^o)) — {Ej{x(),i^o)}jLi- By Lemma [2 .171 

mesjxGT : min dist(spec(iJAr(a;, t^)), (xo, c^o)) < exp(-(log A^)<^i)} < exp(-(logiV)'^°) 

l<j< 

where Cq < Ci, and we are done. □ 
Lemma 2.22. Let luq G Tc.a and fix xq G T, £'0 G M. There exists \Ei - Ea\ < exp(-(logiV)'^'') with 

(2.19) log\fN{e{xo),u;o,E,)\ > NL{Eo,LOo) - {logNf- 
where C2 > Cq. 

Proof If 

dist(£;o,spec(iJAr(a;o,wo))) > exp(-(log A^)^i) 

then 

log|/Ar(e(a:o),c^o,£^o)| > NL{Eo,loo) - (logTV)^^! 
by Corollarv l2.20l Hence, in this case we can choose Ei = Eq. Now assume that 

dist(£;o,spec(i7jv(xo,wo))) < exp(-(logiV)^0, 
By the previous lemma we choose \xi — xo| < exp(— (logiV)'-^") such that 

(2.20) dist (spec(i?Ar(xi,tJo)), spec{HN{xo,ujQ))) > exp(-(log A^)^^) 
By self-adjointness, there exists Ei G spec(i?Ar(xi, cjq)) with 

\Ei-Eo\ < C exp{- {log Nf°) 

which, in view of (|2.20p also satisfies 

dist(spec(fl"Ar(xo,t^o)), £^1) > exp(-(logiV)'='i) 
By Corollary 12 . 201 we conclude that 

\og\fNie{xo),u;o,E,)\ > NL{Eo,loo) - (logN)^'"' 
The lemma follows with C2 — 1C\. □ 
We can now state the large deviation estimate with respect to the i?- variable. 
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Proposition 2.23. Let uj^ e T^^a o,nd assume that L{uJo, E) > j > Q for all E E [E' , E"]. Then for large 
N , and all xq G T, 

(2.21) mes{Ee[E',E"] : \log\fNieixo), too, E)\ ~ NL{loo, E)\ > H} < C eM~H/{logNf') 
for all H > {logNf^K 

Proof. Let Co be as in the previous lemma. Covering [E',E"] by intervals of length 100 exp (-(logTV)^") 
we see that it suffices to prove (j2.2ip locally on such an interval. Thus, consider a disk 'D{Eo,ro) where 
To = 100exp(-(logiV)'^o). By Lemma [222] there exists Ei e ^(£^0, tq/IOO) with 

\og\fN{e{xo),u}o,Ei)\ > NL{Eo,ujo) - {\ogNf' 

On the other hand, there is the uniform upper bound 

sup log|/jv(e(a:;o),wo,^i)| < NL{Eo,ujo) + {logNf^ 

EeV(Eo,ro/WO) 

see Corollarv l2.13l Now the proposition follows from Cartan's estimate. □ 

Remark 2.24. Even though (|2?2T|l was stated for real E, one can pass to a version of this estimate 
in the complex plane via Cartan's theorem: for all H > (iogN)^^^ there exist disks {2^(Ci: with 
J2jrj < exp(-iJ(logiV)-2Ci)^ J < (logiV)'^-^ and 

{Ee[E\E"]+V{0,N-') : \\og\fr,{e{xo),tOo,E)\-NL{ujo,E)\>H}c\JViQ,rj) 

3 

for large N . This follows from Proposition 1 2. 23\ by choosing H — (log A^)^*^^ (where Ci is large depending 
on {E',E")) which insures that there is at least one energy in {E',E") satisfying p.2ip . Now apply 
Cartan's theorem as in part (a) of this section. 

We close this subsection with an important consequence of the previous estimates; it allows us to 
bounds the number of zeros of the determinants with respect to both the z and E variables. 

Proposition 2.25. Let V be analytic on Ap^ and real-valued on T. Let lo G Tc,a- Then for any xo G T, 

i?o G M one has 

(2.22) #{£gM : /Ar(e(xo),c^,£;) =0, |S - So| < exp(-(logiV)^i) } < {\ogNf' 

(2.23) #{2eC : fN{z,Lo,EQ) = 0, \z - e{xo)\ < N-^] < {XogNf^ 
for all sufficiently large N > N{V,^^Pq,u),Eq). 

Proof. By the uniform upper bound 

sup{log|/jv(e(x),w,i;)| : a; G T, S G C, \E ~ Ei\ < exp(-(log 7V)^i) } < NLn{oj,Ei) + {logNf' 

for any Ei. Due to the large deviation theorem with respect to the E variable, see Proposition l2.231 there 
exist xi.Ei such that \xq - xi\ < exp(-(logiV)^*^i), \Eo ~ Ex\ < cxp(-(logiV)^<^i) so that 

log\fN{e{xi),u;,Ei)\ > NLNico, E^) ^ (\ogNf\ 

By Jensen's formula (|4.ip . 

#{E : fN{e{xi),L^,E) ^0,\E - Ei\ <e^p{^{logNf')} <2{logNfK 
Since ||7Jjv(a;o, ^) — H]\[{xi,uj)\\ < exp(— (logiV)^*-^!) and since H]\[{xo,oj) is Hermitian one has 
#{E : fN{eixo),uj,E) = 0, \E ^ Eo\ < exp(-(logiV)2^i) } 
< #{E : fN{eixi),Lo,E) ^ 0,\E ~ Ei\ < e^p{-{logNf')} < {logNf' . 
That proves (|2.22|) . The proof of (I2.23P is similar. Indeed, due to the uniform upper bound 
sup{log\fN{e{x + iy),uj,Eo)\ : xeT, \y\ < 2N-^} < NLn{lj, Eo) + {\ogNf\ 
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By the large deviation theorem, there is Xi with \xq — xi\ < exp(— (logiV)*-^!/^) such that 

log|/jv(e(xi),w,£;o)| > NLN{tJ,Eo)- 
Hence, by Jensen's formula (|4.ip . 

#{z : fN{z,uj,E) = 0,\z- eixi)\ <2N-'} <2{\ogNf\ 
and 12:23)) follows. □ 

(g) The Weierstrass preparation theorem for Dirichlet determinants 

Recall the Weierstrass preparation theorem for an analytic function /(z, wi, . . . , Wd) defined in a poly- 
disk 

d ^ 
(2.24) V = V{zo,Ro) X V{wjfi,Ro), zq, Wj^q eC ->Ro>Q. 

Proposition 2.26. Assume that f{-,wi, . . . ,Wci) has no zeros on some circle {z : \z — zo| = Po}; < 

d 

Po < i?o/2, for any w = {wi, . . . ,Wd) ^ = Y[ ^(''^i.Oj^i) where < ri < Rq. Then there exist a 

i=i 

polynomial P{z,w) — z^ + ak-i{w)z''^^ + ■ • • + ao{w) with aj{w) analytic in Vi and an analytic function 
9{z,w), {z,w) G T>{zq, pq) X Vi so that the following properties hold: 

(a) fiz,w) = Piz,w)g{z,w) for any G T){zo,po) x Vi. 

(Jo) g{z,w) ^ for any {z,w) e I?(zo,Po) x Vi 

(c) For any w_EVi, P{-,w) has no zeros in C \ T>{zq, po). 

Proof. By the classical Weierstrass argument, 

k 



\z~zo\=po 

are analytic in w G Vi- Here Cjiui) are the zeros of f{-,w) in V{zo,po) counted with multiplicity. Since 
the coefRcients aj(w) are linear combinations of the bp, they are analytic in w- Analyticity of g follows 
by standard arguments. □ 

Since there is an estimate for the local number of the zeros of the Dirichlet determinant and also the 
local number of the Dirichlet eigenvalues, one can apply Proposition 12 . 261 to fN{z,uj,E). We need to do 
this in both the z and the E variables. See Section 6 of |GolSch2] for more details. In what follows recall 
the convention adopted in Definition 12.61 

Proposition 2.27. Given zq G -A.p„/2, Eq G C, and luq G Tc^a, there exists Nq — Nq(V, po, a, c,"f) so that 
the following holds: for any N > Nq there exists a polynomial 

Pn{z,uj,E) = z^ + ak^i{uj,E)z^^^ H Voq^E^uj) 

with aj{uj,E) analytic in T>{Eo,ri) x T){oJo,ri), ri x exp(— (log A^)*^^) and an analytic function 

gN{z,uj,E), {z,uj,E) G V :=P(zo,ro) x V{Eo,ri) x V{LUo,n) 

with N^^ <ro < 2N~^ such that: 

(a) fN{z,uj,E) ^ PN{z,uj,E)gN{z,uj,E) 

(b) gN{z, uj,E)^0 for any (z, uj,E) eV 

(c) For any (lo^E) G T>(ujQ,ri) x T>{EQ,ri), the polynomial P]^(-,lu,E) has no zeros in C\I?(zo,ro) 

(d) k = degPN{-,Lj,E) < (logN)'^". 
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Proof. With ro 2N^^ and ri := exp(-(log Af)'^i), we set 

/(C,wi,W2) := fN{zo + N-\,ujo + nwi, Eo + riW2) V ((,"'1,^2) e I?(0, 1)^ 

Then by the uniform upper bound |/| < exp{NL{uJo, Eq) + (logTV)'^") =: M on ^(0, 1)^ and, by the large 
deviation theorem, 

|/(C, 0, 0)1 > exp {NLiuo, Eo) - (log Nf«) 
for all ICI — r and some ^ < r < 1. Moreover, by Cauchy's estimate 

l/(C,0,0)-/(C,wi,u;2)| <2M(|«;i| + |w;2|) < y exp(-2(logiV)C^°) 
for all \wi\ + |w2| < I: exp (-2 (log iY)*^"). In particular, 

f{(:,w^,W2)^Q V|C|=r, |u;i| + |w2| < iexp(-2(log7V)C^°) 
The proposition follows by applying Proposition [226] and a rescaling. □ 
Later we shall need to localize Proposition 12.271 to smaller regions in E and z. 

Corollary 2.28. Using the notations of the previous proposition, let < r2 < 6^*^'°^^^ ^ he given. With 
the same hypotheses, the conclusions of Proposition \2.27\ hold on the smaller poly- disk 

where 

/ „ // „ 3(log Af)"^! 

^ r2, r2 X r2 

Proof. Apply the proposition and let Zj{E,uj) be the zeros of Pm{-,^,E). Then 

k 

Pn{z,oj,E) ^\{{z - Zj{E,uj)) 



Select r'2 so that 



inf \Pn{z,uj,E)\ > {r2/i\ogNf^f°'^^^" 

\z-zo\=r'2 



Since \aj{uj,E)\ < 1, it follows that 

inf inf \P^{z,u:,E)\ > Ur^/ilogNf^f^^''^''' > r^^^^"' 

\E-Ea\<r:^ \z-za\=r'^ 2 
\uj-ujQ\<.r'^ 

where r'^ is as above. We can now apply Proposition 12.261 as before. □ 

The preparation theorem relative to E is easier since we need it only in the neighborhood of the unit 
circle, i.e., in the neighborhood of points e(a;o) with G T. In this case, one can use the fact that 
Hpf{e{xo),uj) is Hermitian. 

Proposition 2.29. Given xq T, Eq Cz C, and ujq G Tc,a, there exist a polynomial 

Pn{z, uj, E) ^ E'' + ak-iiz, uj)E^^^ H h ao(z, w) 

with aj{z,uj) analytic in'D{zo,ri)x'D{ujo,ri), zo ~ e{xo), ri x exp(— (log A^)^*^!) and an analytic function 
gN{z, to, E), (z, uj,E) <eV = T>{zo, ri) x 'D{uJa,ri) x 'D{EQ,ri) such that 

(a) fN{z,uj,E) ^ PN{z,uj,E)gN{z,uj,E) 

(b) gniz, uj,E)^0 for any (z, uj,E) eV 

(c) For any {z,lu) G I?(zo,ri) x I?(a;oj^i); the polynomial Pn(z,uj,-) has no zeros in C \ I?(£'oi ^o)j 
ro X cxp(-(logA^)Ci) 

(d) fc = degPAr(z,w, •) < (log7V)^2 
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Proof. Recall that due to Proposition l2.25l one has 

#{£;eC:/Ar(zo,c^o,S) = 0, l^-^ol <cxp(-(log7V)^i)} <{\ogNf' 

Find ro x exp(— (logiV)'-^i) such that fN{zo,ujo, •) has no zeros in the annulus 

{ro(l - 2N-^) <\E- Eo\ < ro(l + 2N-^)}. 

Since Hm{zqtLOq) is self-adjoint, /jv(z, w, •) has no zeros in the annulus 

{ro(l - N--") < |S - Sol < ro(l + 

provided \z — zq\ ^ ri := tqA^^^, |cij — o^ol <C ri, see Lemma 12.191 The proposition now follows from 
Proposition [MS □ 

3. The trace of Mn and Hill's discriminant of the periodic problem 

This section establishes large deviation estimates for the trace of Mjv as well as other useful relations 
involving the trace. The importance of this section, which does not appear in [GolSch2] , lies with periodic 
boundary conditions: recall that the determinant of the Hamiltonian if[i,iv] with periodic boundary 
conditions equals the trace of the Monodromy matrix Mjv up to a constant (the latter trace is referred to 
as "Hill's discriminant"). In our proof of gap formation periodic boundary conditions play an important 
technical role, whence the relevance of this section. Let us recall some properties of matrices in S'L(2,R). 
It follows from the polar decomposition that for any M G 5i(2,R) there are unit vectors u^.j, u^j, i;^^, 
v^j- so that Mu^j — |lM||w|"^, Mujj = ||M||~^w^^. Moreover, _L u^j and v^j _L v^j. 

Lemma 3.1. For any M € SL{2,R), 

(3.1) IIM^II - 4 < ||M|| I tr M\ < \\M^\\ + 2. 
Proof. Due to the properties of the vectors u+ = uj^j , vT = ujj one has 

(3.2) tr M ^ \\M\\v^ ■ u+ + ||A/|r V • iT 
On the other hand, 

(3.3) M'^u+ ^ \\Mf{u+ -21^)11+ + {v+ ■vr)v-. 
It follows from ([321) and ([331) that 

I tr M\ \\M\\ < ||A-f f • w+l + 1 < IIM^II + 2, 

as well as 

|trM||lM|| > \\M\\^\u+ ■21^\-1> \\M^u+\\~2. 

Finally, using that ||M|| > 1 one checks that \\M^vr\\ < 2, and thus ||M^w+|| > llM^jj - 2. Inserting this 
bound into the last line finishes the proof. □ 

The following lemma establishes the large deviation estimate for a product of mondromy matrices. 
The technical (albeit, important) twist here is that we shift the phase in the second factor by a small 
but fixed amount. This will be essential for applications to the trace. Indeed, in view of the previous 
lemma, in order to prove a large deviation theorem for tr Mn, say, it will be necessary to do the same for 
M^. The latter should behave like M2N, but more precisely it is equal to Mm{x + Nu; + k)Mm{x) where 
K = —Nlo (mod 1). 

Lemma 3.2. Assume that for some uj G Tc,q and £^ G R, one has L{uj,E) > 7 > 0. Then there exists 
kq = Ko(V, UJ, 7, -E) > such that for any \k,\ < kq 

mesjxGT : \\og\\MN(e{x + Nuj + k),uj, E)MN(e{x),uj, E)\\ - 2NL{E,lj)\ > H] 

(3.4) r 
<Cexp{~H/{\ogNf') 

for all H >0 and N >2. 
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Proof. This will be done by induction in N; more precisely, we will introduce an increasing integer sequence 
{Nj}j>o so that if holds for aU Nj < N < Nj+i, then it also holds in the range iVj+i < < 
Clearly, by choosing A'o := Nq{'j, V, oj, E) large and kq := exp(— CA'^i) we see that the case j = can be 
made to hold for any Ni. Next, let iV,+i < iV < Nj+2 and set n := [(logiV)'^i] where Ci = 2Co with Co 

as in (|2.4[) . Also, we define iVj+i exp {N^ ^ ). By the large deviation theorem from Section [2] as well 
as our inductive assumption (applied with H = r?^^ , say), there is an avalanche principle expansion of 
the form 

log ||MAr(e(a; + iVcj + k), lj, E)MN{e(x), uj, E) \\ - log \\MN{e{x + Nuj + k), lu, E) \\ 
-\og\\MN{e{x),uj,E)\\ 

= log \\Mn{e{x + Nuj + k),uj, E)Mn {e{x + {N ~ n)Lu), lu, E) \\ - log |iM„(e(a; + Nuj + k), lj, E) || 
- log 11 Af„ {e{x + {N- n)uj), oj, E) \\ + 0{e-^) 

for all X e T \ S where mes [B] < e^^. In particular, this implies that 

\og\\MN{e{xi + Nu + K),uj,E)MN{e{xi),uj,E)\\ > 2NL{uj,E) - {logNf^ 
for all xi e T \ S. Next, note from the uniform upper bounds in Part (e) of Section [5] that 

sup log \\MN{e{x + iy + Nuj + K),uj,E)MN{e{x + iy),uj,E)\\ < 2NL{u;,E) + {logN)'^^ 

By averaging, we conclude that 

r-l 

log IIMat (e(a; + iy + Nuj + k),uj, E)MN{e{x + iy),u}, E) \\ dx ~ 2NL{uj, E) < (log Nf'^^ 
Furthermore, by Cartan's theorem, see Lemma [131 this yields p.4p for N with C2 — 4Ci, say. □ 

We can now state and prove the main result of this section. Note that even the average of log | tr M^rl, 
which appears as the first statement below, is far from being clear and requires much of the machinery 
developed so far in this paper. 

Proposition 3.3. Assume that for some uj G Tc,aj -B G M one has L{uj,E) > 7 > and let kq > be 

as in the previous lemma. Then there exists Nq ~ No(V,c,a,E,"f) such that for any N > Nq satisfying 
||A''a;|| < Kq the following properties hold: 

• /[[.logltr MN{e{x),uj,E)\dx = NL{uj,E) + 0{l) 

• Large deviation estimate for the traces: 

mes {a; e [0,1] : | log | tr MN{e{x + iy),uj, E)\ ~ N L{uj, E)\ > H) < Ccxp(-i7(logiV)-^°) 

for all \y\ < N-^ and all H > 0. 

Proof. For simplicity, we set y = 0. We begin with the simple observation that 

(3.5) \og\\MNie{x),iu,E)^\\ ^\og\\MNie{x + Nuj + K),iu,E)MNie{x),iu,E)\\ 

where k = —Nuj (mod 1). By assumption, we can choose |k| < kq from Lemma 13.21 We apply the 
avalanche principle to MM{e{x + Nuo + k), w, E)MN{e{x),uj, E). To this end, define for 1 < j < m 

m 

A.J = M„^. {e{x + tjuj),uj, E), (log Nf« < nj < ViV, tj = ^n„ '^n^ = N 

i<j *=1 
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as well as Aj^„i{x) := Aj{x + Ntu + k) = Aj{x). We also require that ni — n„i. Then by the large 
deviation estimate (|2.4p and Lemma [3.21 we conclude that 

2m-l 2m-l 

log\\M^{e{x),u;,Ef\\^ ^ log\\A,+,{x)A,{x)\\ - J] log || + O(e-v^) 

m— 1 m— 1 

(3.6) =2[J2 log\\A,+,{x)A,{x)\\ J2 ^og\\A,{x)\\] + 

+ \og\\Aiix)A^ix)\\-\og\\Ai{x)\\-\og\\A^{x)\\+0{e-^) 

for any x G T \ B, with mes B < exp(— n"'^/^) where n = min^ni. Interpreting the expression in brackets 
as expansion of log ||MAr(e(a;), w, £')|| , and in view of Lemma 13. 1[ we see that 

log|tr MN{e{x),uj,E)\-\og\\MN{e{x),uj,E)\\ ^log\\A,{x)A^{x)\\-\og\\Ai{x)\\ 

(3.7) 

-log||An(x)||+0(e-v^) 

for any x (z T \ B with the same B. The proposition now follows from Lemma l3.2l and the standard large 
deviation theorem for the matrices M^. □ 



For future reference, we remark that the avalanche principle expansion of log | tr Mn\ given by (|3.6p . 
and the comparison statement (j3.7p are of independent interest. Note that 

log\tr MNie{x),uj,E)\ < log |lM^v(e(2;), w, i;)|| + log 2 
In particular, due to Proposition 12.121 one has the following uniform upper bound for the trace: 
Corollary 3.4. Assume L{uj, E) > -f > 0, uj e Tc.a- Then 

suplog|tr Mn{x,uj,E)\ < NLn{uj,E) + C{\ogNf° , 

x<£T 

for all N > 2, provided \\Nlu\\ < ko(V,c, 0,7). 

Now just as in Section [2] one has the following 

Corollary 3.5. Assume L{uj,Ei) > 7 > 0, wi G T^^q. Then for any uj G T, yi, y G R, \yi\, \y\ < 1/N, 
and any xi,x GT one has 

I \tr M]\[(e(x + iy),uj, E)\ , ,, , , , , , , 



(3.8) 



tr MN(e{xi + iyi),uJi,Ei) 



exp{NL{yi,Lj,,Ei) +C{\ogNfo) 



\tT MN{e{xi + iyi),uji,Ei)\ 

provided ll^V^ll < ko(V^ c, a, 7) and the right-hand side of (j3.8p is less than 1/2. 

With these results on the trace at our disposal, we now turn to their implications for the periodic 
problem. To fix notation, let 

(3.9) [Hf^^P^{x,uj)tP] (n) = -V(n - 1) - + 1) + V(e{x + nLu))ij{n) 

be the Schrodinger operator on [1, A^] with periodic (respectively, antiperiodic) boundary conditions. 

(3.10) V(0) = iipiN), iPil) = ±i;{N + 1) 
Let 

(3.11) El '(x,uj)<E2 (x,uj) < ■ ■ ■ < E}^f {x,llJ) 
be the eigenvalues of H^^ j^^{x,uj). Recall that the characteristic determinant 

(e(x), to, E) Aet{Hf J,] (x, uj) - E) 
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which takes the form 



g^]^\e{x),LL!, E) = dot 



V{e{x + uj) 
-1 







E -1 
V{e{x + 2lu) 



E 







-1 



-1 V{e{x + NLj)- E 



g'-^\e{x),u;,E) = hN{e{x),uj,E) t'^ 



(3.14) 



{H[^^^\{x,u)-E)-'{m,n) = 



satisfies 
(3.12) 
where 

(3.13) hN{e{x),uj,E) := tr MN{e{x),uj, E) = fii^N]{e{x),uj, E) - fi2^N-i]{e{x),u;, E) 

is Hih's discriminant. Cramer's rule then yields 

^ f[i.m-i]{eix),uj,E)f[,,+i^N]{e{x),uj,E) ^ ^ 

9n ieix),uj,E) 

The large deviation estimate for log | tr Mff(e{x),uj, E)\ from above implies the following lemma concern- 
ing the spectrum of the periodic problem. In particular, we obtain an analogue of the Wegner bound. 

Lemma 3.6. Let V{e{x)) be real analytic, and let oj e Tc,a- Assume that L{lo,E) > 7 > for some 
€ M. Then there exists Nq — Nq{V, a, c, 7, E) such that for any N > Nq with \\Nlu\\ < ko{V, c, a, 7) the 
following properties hold: 

(a) For any H > (\ogN)'^^° one has 

mes{x e T : dist(spec(i?[^'^j^]^(x, w)), E^) < exp(-iJ)} < exp(-iJ/(log A^)^«) 

(b) If for some x €T 

{E-T],E + r])n spec {H^^^'^ {x, uj)) = 
with rj < exp(-(logiV)^'^°) then 

\og\g\^''\e{x'),LO,E')\ > NL{E,cu) - (logiV)^i log ^ 

V 

for any \x' - x\ + \E' ~ E\ < rj/C. 

Proof. The proof of (a) is analogous to the proof of Lemma 12.171 the only difference is that we apply 
the large deviation theorem for the traces instead of for the determinants. Part (b) is analogous to 
Corollarv l2.20i at least when x' — x, and we skip the proof. Finally, to move x to x' one uses Corollarv l3.5l 

□ 

To close this section, we prove the following large deviation theorem for the traces with respect to the 
E variable, cf. Proposition 12.231 It will play an important role later when we start counting eigenvalues 
by means of the Jensen average machinery which is subject of the following section. 

Proposition 3.7. Let ujq e Tea and assume that L{u!o, E) > -f > for all E E [E' , E"]. Then for large 
N , with ||iVa;|| < ko(V, c, a, 7) and all xq G T, 

(3.15) mes{Ee[E',E"] : \\og\g^j^''\e{xo),uJo, E)\ - NL{ujo, E)\ > H} < C exp{-H /{log Nf') 
for all H > (logTV)^*-^! . The same statement applies to tr Afjv(e(xo), cjq, •)• 

Proof. This proof is completely analogous to the proof of Proposition l2.23l Indeed, the previous Lemma [3T6l 
replaces the Wegner type lemma used there as well as Corollarv l2.20l □ 
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4. Zeros, eigenvalues, and the Jensen formula 



This section introduces a key element in our approach to the problem of determining the location 
of the spectrum and of the spectral gaps. More specifically, we identify the spectral values and the 
spectral gaps according to whether f]S!{-,LU,E) has a sequence of real or complex zeros in the annulus 



Ap^ = {z G C : I — pn < \z\ < 1 + pn} with appropriate pN- We would also like to single out Lemma |4^ 
below. It guarantees that the gaps in finite volume stabilize after a finite (and uniformly bounded) number 
of iterations in our "induction on scales" procedure. An important feature of the machinery developed 
here lies with the fact that it applies equally well to the z-variable as to the E'- variable of /jv(z, w, i?). 
Another important feature is the "linearity" of our bounds which means that the zero count is additive. 
Now for the details, which for the most part already appear in 'GolSch2' (with the exception of the 
The Jensen formula states that for any function / analytic on a neighborhood of 



crucial Lemma 
I?(zo, R), see [Lev] 

(4.1) 



[\og\f{zo + Re{9))\de-\og\f{zo)\^ V log 

"'0 ^.^,^^_n 



R 



\C-zo\ 



C:/(C)=0 

provided /(^o) 7^ 0. In the previous section, we showed how to combine this fact with the large deviation 
theorem and the uniform upper bounds to bound the number of zeros of /at which fall into small disks, 
in both the z and E variables. In what follows, we will refine this approach further. For this purpose, it 
will be convenient to average over zq in (|4.ip . Henceforth, we shall use the notation 

(4.2) lyfizo, r) = #{z G I?(zo, r) : /(z) = 0} 



(4.3) 



(4.4) 



J{u,zo,ri,r2) 



Jiu^ z, r) dx dy 



•D(zo,n) 



J{u,z,r)^ j didf^[u{0-u{z)] 

V(z,r) 

where z ^ x + iy, C = ^ + ^V- Recall that J^{u, z,r) > for any subharmonic function u. 
Lemma 4.1. Let f(z) be analytic in V^zq, Rq). Then for any < r2 < ri < Rq — r2 

Vf{zQ,ri - r2) < 4^J'(log \f\,zo,ri,r2) < Vf{zo,ri + r2) 
^2 

Proof. Jensen's formula yields 

J'(log|/|,zo,ri,r2) = 4 dxdy ^ I dr[ r 



'D{zQ,ri) 



< 



E 

/(C)=0,Ce'D(zo,ri+r2) 

--2Z//(zo,ri +r2), 



1 



/(C)=o,ce-D(z,r) 
dr [ r 



log 



which proves the upper estimate for Sf{\og |/|, zq, ri, r2). The proof of the lower estimate is similar. □ 

Corollary 4.2. Let f he analytic in 'D{zq,Rq), < r2 < ri < Rq — r2. Assume that f has no zeros in 
the annulus A — {ri — r2 < |z — Zg] < ^'i + ?'2}- Then 

iyfizo,ri) = 4 ^ J^(log|/|,zo,ri,r2) 
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Corollary 4.3. Let f{z), g{z) he analytic in ^{zq, Rq). Assume that for some < r2 < ri < Rq — r2 

|J^(log|/|,zo,ri,r2) - J^(log|5|,zo,ri,r2)| < 

Then Vf{zQ,ri - r2) < Vg(zo,ri + r2), Vg{zQ,ri - r2) < Vf{zQ, n + r2). 

We shall also need a simple generalization of these estimates to averages over general domains. More 
precisely, set 

(4.5) ,yf{V) = if{zeV:,f{z) = 0} 

J{u,'D,r2) = j- dxdy J d(,dri [u{C) - u{z)]. 

Given a domain V and ?■ > , set I?(r) — {z : dist(z,I?) < ?■}. Let f{z) be analytic in 'D{R). Then for 
any < r2 < ri < R ~ r2 

mes ( 1^1 

(4.6) i.f{V{n-r2)) < 2 ^J(log|/|,2?(ri),r2) < i^f{V{n+r2)) 

Let Ar^,b.2 -^{zeC : Ri < \z\ < R2}. 
Lemma 4.4. 

N-^j{\og\fN{-,io,E)\,AR,,R,,r2) = 



(4.7) 



ml-Rl)-\'2^ j^' pdp I ' rdr I dy[LN{aP,r,y),co,E) - LN{ap):^:E)] 



where ({p,r,y) = \og\p + re{y)\, ^{p) = \ogp. 
Proof. Due to the definition of J{u,'D,r2) one has 
N-^J{\og\fN{-.u,E)lAR,,R,,r2) 

= Ta / P^P / "^^^i dx dy[log\fN{pe{x) +re{y),u},E)\ -\og\fN{pe{x),uj,E)\ 

I^fi;i,fl2r2 Jri Jo Uo Jo 

attn-^ f^^ n { r 

pdp / rdr< / dx dy[log\fN{\p + re{y)\e{x),uj,E)\ - \og\fN{pe{x),uj,E) 



l-^i?.i,fl2ki jR, 

4(i?2 _ i?2)-i^-2 / I I dy[LN{^{p,r,y),u:,E) - Ln{^{p),uj,E)\ 



JO 

R2 /•I'2 



iRi 

as claimed. □ 
Set 

(4.8) Mn{oj,E,R^,R2) ■.= N-^#{zeAR,^R, : fNiz,Lu,E) ^ 0} 

Remark 4.5. Recall that \og\fN{z,LL!, E)\ < C{V)N. Corollary \4-'^ and the previous lemma therefore 
imply that 

Mn{^.E,RuR2) < CiV) 
for any N and i?i,i?2- Furthermore, ifV{e{x)) is a trigonometric polynomial of degree kg then 

V{z) = z-^"P(z) 

where P{z) is a polynomial of degree 2ko. Hence, with w and E being fixed one has 

z'"'°fN{z,LO,E) = FN{z) 
where Fn (z) is a polynomial of degree 2Nko . Therefore, in this case 

Mn{uj,E,Ri,R2) < 2ko 
which will be crucial for the 2fco bound at the end of Theorem ll.Sl 
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The following lemma allows us to compare these averages for different scales. Later, this will be the 
crucial device that prevents "pre-gaps" from collapsing at subsequent stages of the iteration. 

Lemma 4.6. Assume 7 = L{lu,E) > and fix some small < cr <C 1. There exist Nq — No{V,uj,"f,(T), 
p(o) ^ tj,7) > such that for any n > Nq, N > exp{-fn'^), 1 - < i?i < i?2 < 1 + p'"^ one has 

MNii^, E, Ri + ra, i?2 - ^a) < Al„(w, E, Ri - rz, i?2 + ra) + n^i/^ 

(4.9) 

Al„(cj, E, Ri + ra, i?2 - ^2) < Mn{l^, E, Ri - ra, i?2 + 7-2) + n-^'^ 
where r2 = n~^/'^{R2 — Ri) and provided ra > exp(— 7n°'/100). 
Proof. Recall that due to avalanche principle expansion one has 

\Mn{e{x + nw + iy),uj, E) \\ ||M„ {e{x + iy), lu, E) \\ 



log- 

\\Mi{e{x + nuj + iy))\\ ||M£(e(a;+ {n - t)uj + iy) , oj , E) 

log 



M2n{e{x + iy),uj,E)\\ 

< exp(-7i n^/^) 



||M2£(e(a; + (n - £)uj + iy 

for any \y\ < po/2, x eT\By, mes By < exp(-7i n^/^) where £ = [n^/^] , jk = L{uj,E)/2^. 
That implies in particular 

Ln{y,uj,E) - L2n{y,i^,E) = 
^^■^^^ ^{Le{y,ij,E) - L2iiy,LJ,E)) + o(^cxp{- 72"^/')) 

Let £_{p) — logp, £,{p,r,y) = \og\p + re{y)\, Ri < p < R2, < r < r2, < y < 1, as in Lemma l44l 
Then, by Lemma [2TTU1 

(4.11) \Lji{aP,r,y),to,E)-Lje{ap),'^,E)\<CR-'r j = l,2 
Recall that for any N > exp(7i n°') one has 

\LN{y,(^,E) - 2L2n{y,i^,E) + Ln{y,i^,E) \ < exp(-72n'^) , 
see [GolSchl] . Hence, due to (|4.6p and Lemma [44] 

MN{Lo,E,Ri+r2,R2-r2)< ^'^^ ' ^ (log | /jv ( • , , i^) | , , A,, , ^2 ) 

(4.12) =^:%^^(,^-i[log|/2„(.,c.,ii;)| -log|/„(.,c.,ii;)|],^^,,fi„r2) 

r2 V / 

(4.13) +0((i?2--Ri)r2~'exp(-72n'^)) 

Next, we rewrite the Jensen average in (|4.12l) using Lemma 

j(n-^[\og\f2ni-,UJ,E)\ - l0g\fni-,UJ,E)\],AB,,,R.,,r2^ 

(4.14) -2j(-^log|/2„(-,c^,i;)| - -log|/„(-,w,£;)|,^;^,.^,,r2) 

(4.15) +j(n-Hog\f,,{-,LU,E)\,AR,,B.„r2) 

Inserting (|4.15p into (|4.12p leads to the main term on the right-hand side of (|4.9p . It is bounded above 
by A4n{oJ, E, i?i — ra, i?2 + ^2) in view of (|4.6p . It remains to bound the error term (|4.14p . We introduce 
the short-hand notation 

5[L„ {ap, r, y),iu, E) - L„ (p), c^, E)] 

47r '■^^ 



^j^2 _ giy2 P'^P I '"^^ / dy[Ln{£.{p,r,y),uj,E) - Ln{£.{p),uj,E)] 
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Hence, the Jensen-average in (|4.14p equals, see (|4.10l) . 

S[L2n r, y), E) - L„ (^(p, r, y),uj,E)]~ S[L2n {^P),^, E) - L„ (^(p), oj, E)] 

= -S[L2i{aP, y), ^, E) - L,(e(p, r, y), c^, E)] - -5[L2£(C(p), c^, - U{^{p), to, E)] 



0( cxp(- 



72 n 



1/2^ 



By the Lipschitz bound (|4.1ip . we can further estimate the absolute value here by 



< 



£ 



-S[L2i{(ip,r,y),uj,E) ^ L2i{(ip),Lj,E)] + -S[Lf{(ip,r,y),u;,E) - Le{^ip),Lj,E)] 
0( exp ( — 72n^^^ 



< n ^I'^r2 + 0( exp ( — 72/1 



1/2^ 



So the total error is the sum of this term times '^^"^"^'""''^ plus the error in (I4.13P . In view of our assumptions 
on T2 the lemma is proved. □ 

5. Eliminating resonances via resultants 

In this section we describe the mechanism behind the process of eliminating "bad" frequencies w, 
which is fundamental to everything we do. "Bad" here refers to those which produce too many too 
close resonances. More precisely, we will need to ensure that the zeros of 

fe,{-,uj,E) and fi^{-e{tuj),uj, E) 

do not come too close. This requires the elimination of a set of energies of small measure and not too 
large complexity. The elimination method is based on the natural idea that lu and tuj act almost as 
independent variables (due to a; being the slow and tcu being the fast variable). On a technical level this 
will be accomplished via a Cartan estimate on the resultant of two polynomials (which themselves come 
from the Weierstrass preparation theorem applied to /^j, fe^)- For those properties of the resultant which 
we need here, we refer the reader to Appendix A. We would like to draw the reader's attention to the fact 
that all sets removed in this section are very small in terms of Hausdorff dimension. Indeed, the complexity 
of the bad sets is always less than their measure raised to an arbitrarily small negative number (at least 
for /jv with A'' large). This is one reason why we are able to eventually remove sets of Hausdorff dimension 
zero. Another reason has to do with the second, an completely different, elimination method used in this 
paper. It is designed to remove triple resonances and is based on the implicit function theorem rather 
than resultants, see Section [TH It should be emphasized, though, that Section [T3] must come after this 
section in the sense that the methods there can only possibly work after we have removed the frequencies 
(as well as energies) specified in this section. This is simply due to the fact that the implicit function 
theorem requires a non-degeneracy condition which can be guaranteed only via the results of this section. 

Lemma 5.1. Let f{z; w) = z'^ + ak-i{'w)z''^^ + • • • + ao{w), g{z; w) = z™ + bm^i{w)z™^^ + ■ • • + bo{w) 
be polynomials whose coefficients ai{w), bj{w) are analytic functions defined in a domain G C C^. Then 
Res(/(-, w), g(-, w)) is analytic inG. 

Our goal here is to separate the zeros of two analytic functions using the resultants by means of 
shifts in the argument, see Section 7 of [GolSch2) , in particular Lemma 7.4. This can be reduced to the 
same question for polynomials due to the Weierstrass preparation theorem. Here is a simple observation 
regarding the resultant of a polynomial and a shifted version of another polynomial. 

Lemma 5.2. Let f{z) = z^ + ak-iz^^^ + • • • + ao, g{z) = z™ + fe„j_iz™^-'- + • • • + 60 polynomials. Then 

(5.1) Res(/(.+u;),g(.)) = (-w)" + c„_i«;"-i + • • • + cq 

where n — km, and cq, Ci • • • are polynomials in the Oi, bj. 
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Proof. Let (j, I < j < k (resp. rji,! < i < m) be the zeros of /(•) (resp. g{-)). The zeros of /(• + w) are 
Cj — w, 1 < j < k. Hence 

(5.2) Res{f{- + w),g{-)) =l[(Q-w-rj,) 

and (ISH) foUows. □ 



The foUowing lemma gives some information on the coefficients in (|5.ip . 

Lemma 5.3. Let Pgiz-.w) = z'^= + ask^_i{w)z'^'''^^ + • • • + asfi{w), z £ C, where asj{w) are analytic 
functions defined in some polydisk V = J^I?(u!i.o, r), w = (wi, . . . , Wd) € C'', Wq — {wi^q, . . . , Wd.o) € C'', 

s = f,2. Setx{v,m) ='Rg8{Pi{-,w),P2{- + r],w)), T] £C, weV. Then 

(5.3) X{v,m} = i-vf + bk-i{w)T]''-^ + ■■■+ bo{w) 

where k = kik2, bj{w) are analytic in V , j = 0,1, k ~ 1. Moreover, if the zeros of Pi{-,w) belong to 
the same disk D{zq, r^), i — 1,2 then for all < j < k ~ 1, 

(5.4) \b,{w)\ < (^^ ^ (2ro)'=-^' < (2roA;)'=-J" 

Proof. The relation (|5.3p with some coefficients bj{w) follows from Lemma [5.21 whereas the bound (|5.4p 
follows from the expansion (|5.2|) . By Lemma |5.2[ x(?7,w) is analytic in C x P. Therefore bj{w) = 

are analytic j ^ 0,1, . . . , k — 1. □ 

r)=0 



The following lemma allows for the separation of the zeros of one polynomial from those of a shifted 
version of another polynomial. This will be the main mechanism for eliminating certain "bad" rotation 
numbers ui. The logic is as follows: due to the basic definition of the resultant, 



(jy, w)| = J||G,i(w) - 0,2(??, w)| 



IX 

where Ci,iiiil)^ Cj,2{Vjlil) the zeros of Pi{-,w) and P2{- + ri,w), respectively. Therefore, if |Cj,i(wz) — 
Cj,2{w)\ < exp(— fci?) for one choice of i, then |x(^il!Z)| < exp(— fci?). This simple fact allows one to 
separate the zeros Ci,i(l^z) h'om the zeros Cj,2{w) provided w falls outside of a set whose measure and 
complexity is controlled by Cartan's estimate. More specifically, we obtain this separation by means of a 
shift by tuji in the z-slot: 

Lemma 5.4. Let Ps{z,w) be polynomials in z as in Lemma \5.3\ s — 1,2. In particular, w&'P where V 
is a polydisk of some given radius r > 0. Assume that kg > 0, s — 1,2 and set k = kik2. Suppose that for 
any w G V the zeros of Ps{-,w) belong to the same disk 'D{zo,rQ), rQ 1, s — 1,2. Let t > IGkror^^ . 
Given iJ S> 1 there exists a set 

d 

BH,t C V ■.^V{wi,o,8kro/t) x ]J I?(w,- o, r/2) 

such that >5'^^,(i6fcrot-i,r,...,r)('8_ff,t) G CaTd{H^^'^ , K), K = CHk and for any w£V \ BH,t one has 
(5.5) dist({zeros of Pi{-,w)}, {zeros of P2{- + t{wi - wi^o),w)}) > e^^"^ 

Proof. Define xiVTML) as in Lemma 15.31 Note that for any w_£V one has 

\x{n,m)\>mi^Y.(^y]^\\^\" 
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provided \r]\ > 8ro k. Furthermore, for any w (z V, 

oo 9 h 

lx(^,i^!)l<Hni + EO'] 

provided \r]\ > Stq k. Hence, by the maximum principle, 

sup{|x(?/,w)| : I??! < 16ro/c} < 2(16fcro)*= 

Set 



d 



fiw) = x{t{wi - wifi), {wi,W2,.. ■,Wd)), wi e Viwi^o, 16kro/t), {w2, ■ ■ ■ ,Wd) e Y]_ '^{wj^Q,r). 

This function is well-defined because 16A;ro/t < r by our lower bound on t. By the preceding, 
sup|/(u;)| <2(16fcr■o)^ |/(wi,o + 8fcro/t, 'u;2,o, • ■ • , Wd,o) | > \(^krQf . 



We can therefore apply Lemma [2.41 to 



/ ° '5'^^,(i6fcro/t,r,...,r) ^itl^ ^'^ = log 2 + fc log(16A:ro), m = - log 2 + /c log(8fcro) 
ven H ^ 



on a polydisk of unit size. Thus, given H ^ 1 there exists B''j^\ C V such that 



and such that for any 

d 

{wi,...,Wd) eV{wi^o,8kro/t) X J|X>(u;j-o, 
one has |/(w)| > e"*^^*^. Recall that due to basic properties of the resultant 

I/HI -niC^iH-0,2MI 

where Ci, 1(1^1)7 Cj.2iw.) are the zeros of Pi{-,w), and P2(- + — wi,o), w), respectively. Since ro ^ 1, 
this implies (|5.5p . and we are done. □ 

Lemma 15.41 of course applies to polynomials Ps{z) that do not depend on w_ at all. This example is 
important, and explains why quantities like K have the stated form. 

This method of elimination applies to the Dirichlct determinants fi-^{-,ijj,E) and fi^{-e{tijj),uj,E). We 
now state a result in this direction. We shall use the following notation 

Z(/,l]) = {zer!:/(z) = 0} 

and 

ZU^ ^0, fo) = Z{ f, V{za, ro)) 

Proposition 5.5. Let V he analytic on Ap^ and real-valued on T. Assume that L{ljJ, £') > 7 > for aZ0 
ui,E. Fix a > 1, and 1 3> c > as well as a hounded set 5 C C. There exists £0 = £o{V, po,a,c,j,S), 

Co 

such that for any li > £2 > £q the following holds: Given t > exp((log€i) H > \, there exists a set 
^ii,i2,t,H C T, with 

mes {ne,,i,,t,H) < exp {{\og£,f')e-^ 

(o.b) 

compl(flf,,£2,t,-ff) < iexp {(\og£if^)H 



■^One can localize here to intervals of u) and E. 
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such that for any lo G T^^a \ ^ii.t2.t,H there exists a set £i-^/2,t.H,uj with 

mes {£i,,t,^t.H,^) < *exp {{\og£if') e"^ 

such that for any E Cz S \ £t.i,t.2,t,H,i^ one has 

(5.7) dist{Z{f,,{;u;,E),Ap„),2{f,,{-e{tco),Lu,E),Ap,)) > e-"^'°si.f^ 

(5.8) dist(spec(i?,,(e(xo),c^)) \ffi,f,,t,ff,^ , spec(il,, (e(xo + tw), w))) > e-^^'^s^i)'^' . 
Here Cj are also allowed to depend on S . 

Proof. Fix some choice of zq G Ap^, Eq e S, and loq e T^^q. By the Weierstrass preparation theorem of 
the previous section we can write 

fe^{e{z),uj,E) = Pi{z,uj, E)gi(z,u;, E) 
fe^{e{z + tuJo),uj,E) = P2{z,uj, E)g2{z,u, E) 

for all 

(z, uj, E) e Vo := V{zo, ro) x V{cjo, r) x P(£;o, r) 
whereQ ro x r x exp(— (log^i)*-^°), and does not vanish on Vq. Moreover, each Pj{-,u},E) is a 
polynomial of degree kj < {\og£j)^° for all {cu, E) S 'D{u!j, r)xT>{Ei, r) and all its zeros belong to T>{zo, ro). 
Apply Lemma [5^ with t > (log-^i)'^^ > 16kik2ror~^ , to the polynomials 

Pii-,u;,E), P2{- + t{ij-LUo),Lu,E) 

Thus, for any H >1 there exists BH,t C I?(cjo, 8fcro/<) x 'D{Eo,r) with 

{(t(c^-c^o)/(16fcro),(S-So)A-) : (c^, i;) G 6^,*} G Car2(i^l/^ if ), K = CHk, 
so that for any (tj, E) e I?(wo, 8fcro/t) x V{EQ,r/2) \ Bn^t one has 

(5.9) dist({ zeros of Pi(-, w, £;)}, {zeros of P2{- + ^(u'l - u>i,o), t^, }) > e"^^'' 
By definition of Pi, Pi, (15. 9|) this implies that 

dist (., c^, £;), zo, ro) , (•e(i^), c^, £;), zq, tq)) > e-«(i°8^^)^' 

Now let Zo , Wo , i?o run over a net 

N = {(zj,cjj,£;j)}/^i c Ap„ X Tc,a X 5 

so that each point in Ap^ x Tc,a x 5 comes (ro, kr^/t, r)-close to one of the points in A/" and no two points 
in M are closer than this distance. Denoting by Bn.tU) the bad set constructed above for each point 
in Af, there exist 

flj e ojj + t^^kro Caii{VH,K) 

so that for each 

z £V{ujj,kro/t)\nj 
the z-slice Sj^z '■— BH,tij)\z belongs to Ej + rCa,Ti{^/lI,K). Now define 

^il42:t,H ■= [J 
j 

By construction, fli-^^£2,t,H satisfies (15.61) . Moreover, for each u G T^^a \ ^1^/2,1, h define 

£ll,i2,t,H,UJ ■— l^^j.z 

3 



•^We remind the reader that X means proportional. The constant of proportionality here is allowed to depend on 
V,po,a,c,^,S. 
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Then 



as desired. If (j5.7[) failed, then there would have to be zi,Z2 G Ap„ and luq G Tc,a \ ^ei.e2.t,H and 
Eq € S\ £ij^,i2,t,H,uj such that 

feAzi,uJo,Eo) = Mz2e{tujo),LJo,Eo) =0, \zi - Z2\ < e-^('°s^i)^^ 

Then (zi,wo,£^o) G I?(zj,ro) x T>{u}j,kro/t) x 'D{Eo,t) for some choice of j. By construction, ujq G 
^{ujj, kro/t) \ rij and _Eo G ^{Eq, r) \ £j^z which implies that 

\z^~Z2\>e-^"\ 

see (|5.9p . This is a contradiction and we are done with (|5.7p . For (|5.8|) . assume that fi-^{zi,uj, Ei) — 0, 
(zie(ta;), i?2) = for arbitrary zi = e{xo), and 

(5.10) |Si - S2I < e-^(i°8^i)'''' , Si G C] \ £e„iM^, w G T \ r!,,,^,,*,^ . 

Then, by Corollary EHH 

\fe,izie{tio),u;,Ei)\ < |Si - exp(^2i(c^, iJi) + (log^)^) < exp(£2L(^^, i^i) - i/(log4)'^^) 
By our choice of Ei, there exists Z2 so that \z2 — zi\ < exp(— 100i/(log£i)'-^^), for which 

fi^{z2e(tuj),uj,Ei) = 0, 

see Corollary 12. 181 But this would contradict (|5.7p and we are done. □ 

6. Localized eigenfunctions in finite volume 

In this section we apply the results of the previous section to the study of the eigenfunctions of the 
Hamiltonian restricted to intervals on the integer lattice. More precisely, we shall obtain a finite-volume 
version of Anderson localization (albeit, at the expense of removing a small set of energies). This section 
corresponds to Section 9 of |GolSch2] . 

Lemma 6.1. Let uj G Tc,a, Eq G R, L{uj,Eo) > 7 > 0, and N > No{V, po,a,c,'^, Eq). Furthermore, 
assume that 

(6.1) \og\fN{zo,u,Eo)\ >NL{u;,Eo)-K/2 
for some zq — e{xo), xq £ T, K > {logN)'~^" . Then 

(6.2) \g[i^N]{zo,Lu,E){j,k)\ <exp(-7(fc-j) + X) 

(6.3) \\g[,^N]izo:U;,E)\\<exp{K) 

where Q[i^^^(zq,uj, Eq) — (^H{zq,uj) — Eq) ^ is the Green function, 7 = L{uj,Eq), 1 < j < k < N. 

Proof. By Cramer's rule and the uniform upper bound of Proposition l2.12l as well as the rate of convergence 
estimate (|4.10p . 



\Q[i,N]{zo,(^,E){j,k)\ = \fj_i{zQ,uj,EQ)\ ■ \ fN^k{zQe{kuj),uj,EQ) \ ■ \fN{zQ,uj, Eq)\ ^ 

< \fN{zQ,u;,EQ)\'^ exp{NL{LU,EQ) - {k ^ j)L{Lo, Eq) + (logiV)^) 



(6.4) 

Therefore, (|6.2p follows from condition (|6.ip . The estimate (|6.3I) follows from (|6.2p via Hilbert-Schmidt 
norms. □ 

Any solution of the equation 

(6.5) - il;{n + 1) - il;{n - 1) + v{n)ijj{n) ^ Eilj{n) , nGZ, 
obeys the relation ( "Poisson formula" ) 

(6.6) i;{m) = g[a,b]{E){m, a - \)i,{a - 1) + ^[,,6] (£;)(m, h + 1)^(6 +1), m G [a, h\. 
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where G[a.b]{E) — {H[a.b] ^ ^) ^ is the Green function, H[a,b] is the Hnear operator defined by ()6.5|) for 
n G [a, b] with zero boundary conditions. In particular, if i/) is a sohition of equation (16. 5p . which satisfies 
a zero boundary condition at the left (right) edge, i.e., 

V;(a-I) = (resp. I) = 0) , 

then 

i^{m) ^ gia,b]{m,b + l)tl;{b + 1) 

(resp. ?A(m) G^a.b] (rn, a - l)ip{a - I) ) 

The following lemma states that after removal of certain rotation numbers u and energies E, but uniformly 
in X £ T, only one choice of n € [1, N] can lead to a determinant fi{x + nuj, ui, E) with £ x (log n)'~' which 
is not large. This relies on the elimination results, see (g) in Section 2, and is of crucial importance for 
all our work. 

Lemma 6.2. Fix a > 1, c > and assume that L{uj, E) > j > for a/0 w, E. Given N > Nq(V, pq, 7, a, c) 
large, there exist a constant B = B{V, pi^,^ ,a^c) and a set flj^ C T with 

mcs (r^Af) < exp (-(logiV)^), compl(17Ar) < N^, 

such that for all lj G T^^a \ there is a seQ Siq^^^ C K, 

mes {En,u) < exp ( - (log A^)-^), compl(£jv,^) < ^^ 

with the following property: For any a; G T and any to G Tc,o \ rijv, G M \ £n,uj either 

(6.7) \og\fi{e{x + nLj),uj,E) \ > iL{uj,E)~Vl 
for all 

(6.8) (log iV)20^ <£< 4(log Nf^^ 

and all 1 < n < N , or there exists ni — ni{x, uj, E) G [1, N] such that \6. 7| ) holds for all n G [1, N] \ [ni — 
Q,ni + Q], with 

g= [exp((loglogA^)^i)J, Bi=BiiV,po,j,a,c) 
but not for n — ni. Moreover, in this case 

(6.9) |/[i,„](e(a:),c^,£;)| >exp(ni(w,£;)-(logiV)i"o^) 
for each 1 < n < ni ^ Q and 

(6.10) |/[„,jv](e(a;),c^,£;)| >exp((7V-7^)L(c^,£;)-(logiV)i°"^) 
for each ui + Q < n < N . 

Proof. Let B'j > 2 (below, we will need to make B large depending on a as well). With a > 1 and c > 
fixed, we let ^i-^/2,t,H be in Proposition 15.51 and define 

■— [J ^ei,i2,t.H 

where H = (logiV)"^^ is fixed, and the union runs over £1,^2 as in ()6.8|) . and N > t > exp((loglogiV)^'^°) 
where Co is from Proposition [^3] (thus, take Bi = 2Co). For any uj G Tea \ define 

£n,ui ■= [J £ei,e2,t,H,ui 

where £i-^,i2,t,H,uj is from the proposition and the union is the same as before. Now fix w G Tc,a \^n, 
E eR \ £nm and suppose (|6.7p fails somewhere, i.e., 

log \fi^ {e{x + niuo), uo,E)\< iiL[uj, E) - 

^This can of course be localized to intervals of lo and E. 

^The sets r2jv, £n,u} S'lso depend on V, po, 7, a, c but we omit these parameters from our notation. 



log (e(x), u:,E)\> nL{u;, E) - C ^,_ > 
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for some 1 < ni < and £i as in (|6.8p . By Corollary 12 . 181 there exists zi with |zi — e{x + niuj)\ < e~^i 
and 

fe,{zi,uj,E) = 

If 

log|/f,(e(x + n2w),cj,i;)| < £2^01, E) - ^4 
for some £2 as in (|6.8p and \n2 — ni\ > exp((loglogiV)^i), then for some Z2, and t := rii — n2 

fe.^{z2e{tuj),uj,E) = 

with 

However, by our choice of {lu,E) 

\zi - Z2I > exp ( - Ci/(loglog AT)*^!) = exp ( - C(log Ar)3^(loglogiV)"^i) 

which is a contradiction for N > Nq large. Thus (|6.7p holds for all £ as in (|6.8p . and any 1 < n < 
such that |n — nil > exp ((log log A^)^^) . This property allows one to apply the avalanche principle 
Proposition 12.81 to the determinants appearing in (|6.9[) and (|6.10[) . It will suffice to consider the former 
with n > (logA^)^"^: in view of (|6.7p the conditions of Proposition 12.81 hold if we choose the factor 
matrices Aj there to be of length as in (|6.8p . It yields that 

n 

(log]v)5 

provided A'o is large. In fact, we can vary x here: note that by CoroUarv 12.151 if (|6.7p holds at x, then 
also for all z e I?(e(x), e~^) , £ = (logA^)^°^. Repeating the avalanche principle expansion for those z 
yields 

(6.11) /[i,„](z,c^,i?)^0 
Now suppose 

log I /[!,„] (e(x), u;,E)\< nL{u;, E) ~ (log A^)i°*'^ 

By Corollary Em 

/[l,n](2^,'^,-E) = 

for some |z — e(x)| < exp(— (log A^)^"'^) provided B is sufficiently large (depending on a). This contradicts 
(|6.11[) and we are done. □ 

Remark 6.3. It follows from Corollarv \2.15\ that (|6.7p is stable under perturbations of E by an amount 
< e^^'^. More precisely, if (j6.7p holds for E, then 

log\fi{e{x + nLu),Lu,E') \ > £L{E' ,uj) - 2\/£ 

for any E' with \E' — E\ < e~^^. Inspection of the previous proof now shows that (|6.9p and (|6.10p are 
therefore also stable under such perturbations. 

The previous lemma yields the following finite volume version of Anderson localization. 

Lemma 6.4. Fix a > l,c > 0, assume that L{u},E) > 7 > for all U!,E, and let fl^ and £m,u be as in 
the previous lemma with N > Nq. For any x,uj e T, let {E^'^\x,uj)^^_^ and \^tp''j'^\x,uj, ■)^^_-^ denote 
the eigenvalues and normalized eigenvectors o/iJ[i.Ar](a;, w), respectively. If lo £ Tc.a\^N and for some j, 
Ej^\x,uj) ^ £n,uj, then there exists a point iy^^\x,uj) € [1, A^] (which we call the center of localization) 

so that for any exp((loglog Af)^i) < Q < N and with Aq := [1, A^] n [i/]^'' (x, cj) - 2Q,i^^j^\x,lu) + 2Q) 
one has 

(i) dist{Ep {x,Lu),spec{HAQix,uj))) < e'^^^^ 

(ii) ^ \ipj^\x,u!; fc)|^ < e~'^^ , where j > is a lower bound for the Lyapunov exponents. 

ke[i,N]\AQ 
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Here B, Bi are the constants from the previous lemma. 

Proof. Fix N > Nq, uj g Tc,a \ and E^^\x,uj) ^ £n,uj- Let ni — v^^\x,uj) be such that 

\'>p^^\x,uj]ni)\ — max \'>p^^\x,uj]n)\ 

Fix an £ as in (|6.8p and suppose that, with E = E^^\x, u), and Aq := [l-.N] n [ni — £,ni + £], 

(6.12) log|/A„(a;,c^,^)| > \Ao\LiLO, E) - VI 
By Cramer's rule, see (|2.17p . this would then imply that 

\GA„{x,uj,E){k,j)\ < exp(-7|fc- j| +CV7) 

for all k,j e Aq. But this contradicts the maximality of ['0^^'' (a;, w; ni) | due to (|6.6p and £ being large. 
Hence (|6.12p above fails, and we conclude from Lemma \6l2\ that 

log|/Ai(a:,c^,S)| > \Ai\Liu;,E)-V£ 

for every Ai = [k-£,k + £]n[l,N] provided > exp((loglogiV)^i). Since (|6.12p fails, we conclude 

that f\g(zQ,uj, E) — for some zq with |zo — e(a;)| < ' . By self-adjointness oi H\g{x,uj, E) we obtain 

dist(i?,spec(i/AQ(x,w))) < Ce~^^^* , 

as claimed (the same arguments applies to the larger intervals Aq around no). From (|6.9p of the previous 
lemma with n — ni — Q (if ni — Q < (log A^)^*-^", then proceed to the next case) one concludes from 
Cramer's rule, see (I2.17p . that 

(6.13) |G[i,„,_Q](x,L^,^)(fc,m)| <exp(-7|fc-m| + (log7V)^'') 
for all 1 < fc, TO < ni — Q. In particular, 

|V'f^(a;,c.;fc)| <e-*l"^-«~'=l 
for all 1 < fc < ni — 2Q. The same reasoning applies to 

G[7n+Q.N]{x,uj,E) 

via (|6.10p of the previous lemma, and (ii) follows. For (i), note that (|6.6p and (ii) imply that 

||(7lA,(x,c.)-i?W(x,^))0f' ||<e--«/^ 
Since Wipj^^Wi^iAg) > 1 — e'^'^, we obtain (i). □ 

Since eigenvalues of the Dirichlet problem are simple, we can order the E^^"^ (x, lu) according to the 
convention 

e[^'^ {x,uj)< Ei""^ {x,uj)<...< ) (x, uj) 

The following corollary deals with the stability of the localization statement of Lemma 16.41 with respect 
to the energy. As in previous stability results of this type in this paper, the most important issue is the 
relatively large size of the perturbation, i.e., exp(— (log A^)*^) instead of e~^, say. 

Corollary 6.5. Using the assumptions and terminology of the previous proposition, let lo G Tc,a \ ^N, 
Ej^\x,uj) ^ £n,u, and v^^\x,u)) be associated with '>pj^\x,u;] •) as stated there. If \E — Ej^\x,lu)\ < 
g- (log AT) ° yjith B as above, then 

(6.14) |/[i,n](e(x),c.,i?)|'<e-''Q/2 ^ |/[i,„](e(x),a;,i?)|' 

n—1 ti^Aq 



RESONANCES AND THE FORMATION OF GAPS 



35 



where Aq — [i']^'' (a;, w) — Q, ly^^^ (x, w) + Q] n [1, iV] . Similarly, 



N 



(6.15) |/Kjv](a:,^,i?)| <e-'^'5/2 5] |/[„,jv](a:,'^,i?)| 



(6.16) 



Finally, under the same assumptions one has 

|/[i,n](e(x),u;,i;) - /[i,„] (e(a;), w, E'j^'' (x, w)) | 
< exp((log Nf)\E - {x, uj) \ |/[i,,](e(x), c., Ef\x, u:)) \ 

provided 1 < n < v^^^ (x, w) — Q, and similarly for f[n,N] ■ 
Proof. For each j there exists a constant ^j{x,uj) so that 

ijf\x,uj;n) = ^ij{x,uj)f[i^n-i\{x,uj;E^'^\x,uj)) 
for aU 1 < n < (with the convention that /[i,o] = 1)- A similar formula holds for 

I[n+i,N] (e(x), W, E'^^^ [x, U})) . 

As in the previous proof, this implies estimate (|6.13|) with E — E^^\x,uj). Thus, for all 1 < ri < 

v^^\x,uj) — Q one has 

|/[i,„](e(x),^,i?f )(x,c.))| Ke-^l-^r^---)-"!/^ |/j^^^<„,(^_^^,(e(x),c^,i?f )(x,c.)) | , 

which implies (|6.14p for E — Ej^\x, uj), and (|6.15p follows by a similar argument for this E. Corollarv l2.15l 
implies that 

\f[i,n]{e{x),uj,E) - f[i^n]{e{x),uj, E^^^\x,uj))\ 
<exp{{logNf)\E-EP{x,uj)\ \f[i,,]{e{x),uj, E^^''\x,uj))\ 

for all 1 < n < iyf\x,Lu) - Q, and (l6T^ follows for all \E - Ef\x,Lu)\ < exp(-(log A^)^). □ 

7. Quantitative separation of the Dirichlet eigenvalues in finite volume 

At least conceptually, this section provides arguably the most important single ingredient in the proof 
of gap formation. It already played a crucial role in our earlier work [GolSch2] . Based on the finite volume 
Anderson localization from the previous section, we shall now obtain a quantitative separation property 
of the eigenvalues on finite volume. Note carefully that localization does not depend on the off-diagonal 
terms in the Hamiltonian - indeed, a diagonal Hamiltonian has 5-function eigenstates which are perfectly 
localized. In contrast to this, the separation or even the simplicity of the eigenvalues of course crucially 
depend on these off-diagonal terms. Needless to say, the gaps in the spectrum also hinge on this property 
and this section is one of the places where it enters in an essential way. The reader will easily see this in 
the proofs of the first two results of this section. The off-diagonal terms enter there simply through the 
mechanism of transfer matrices; or in other words, we have to exploit that we are dealing with a second 
order difference equation which we can solve via initial conditions. 

We now turn to the details. In this section it will be convenient for us to work with the operators 
i/[_7V 7v](x, w) instead of jv] (2;, w). Abusing our notation somewhat, we use the symbols Ej^\'ijj^^'' 
to denote the eigenvalues and normalized eigenfunctions of 7J[_Ar,Ar](x,tt'), rather than the eigenvalues 
and normalized eigenfunctions of H^i j^^^XjUj), as in the previous section. A similar comment applies to 
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The following proposition states that the eigenvalues {Ej^\x, w)}'^^^^ are separated from each other 

by at least e^^ provided lu ^ ilj^ and provided we delete those eigenvalues that fall into a bad set Sn.uj 
of energies. We remind the reader that 

mes (Sn,^) < exp(-(logiV)^), compl(£^v,^) < iV^ 

and similarly for il^, see Lemma [6.21 This section corresponds to Section 11 of |GolSch2] . 

Proposition 7.1. Fix a > 1, c > and assume that L{uj,E) > 7 > for all u!,E. Let S^^^n be 
as in Lemma lSTB . Furthermore, fix S G (0,1). Then there exists Nq = iVo((5, V, po, a, c, 7) so that for any 

N > Nq, any uj G Tc,a \ ^N o,nd all x one has 



(7.1) 



E^f'\x,uj)-E):'>{x,uu)\ >e 



{N)i 



for all j, k provided {x, u) ^ Sn^, 



Proof Fix X e T,E^^'^\x,uj) ^ En,u- Let Q X exp((loglogiV)^i), see Lemma [6.21 By Lemma [6.41 there 
exists 

so that 
(7.2) 



Aq [vf\x,u) - Q,v^\x,u:) + Q\ n [-N,N] 
X! |/[-Af,n](e(a::),t^;£^j^''(a;,cj))|^ 

ni^[~N,N]\KQ 
N 

<e-«^ E |/hJV,„](e(x),c.;£;f^(x,c.))|' . 



n=~N 

Here we used that with some /i = const 

il}^-^\x,uj]n) = ^ • f[_M.n-i\{e{x),uj;E^f^\x,uj)) 
for ~N < n < N. Note the convention that 

f[-N-N-l] — 0, /[-Ar,-Ar] ~ 1. 

One can assume v^^\x,lu) > by symmetry. Using Corollarv l2.15l and (|6.16p . we conclude that 

(N) 



(7.3) 



E \f[-N,n]i^ix),UJ,E) - f[_N.n]{eix),UJ, Ef' {x,uj)) 



-N 



< e~^^\E-E)"'{x,u;)re 



E |/[-Af,nl(e(a;),t^,£'j^ (a;,a;)) 



neAc 



Let Hi — Vj^^XjLu) — Q — 1. Furthermore, 

f[-N^n+iMx),u;,E)\ _ /f[-N,n+l]{e{x),UJ,Ef\x,Uj)) 

V f[-N,7i]{e{x),uj,E^.^\x,uj)) 
f[-N,,n+i](e{x),i^,E) 
fl-N.,n]{e{x),uj,E) 



(7.4) 



f[-N,n]{eix),uj,E) 
M[ni+i^n]{e{x),uj,E) 



M[ni+i,n] (e(a;), w, E^j^^ (a;, uj)) 



/hJV,«i+i] {eix),uj,E^f^) 



fl~N,m] {eix),u,E^j'^'') 



neAQ 
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Now suppose there is Elf^\x,Lu) with |i?[,^''(e(x), cj) — E^^\x,lu)\ < e^^'' where the small 5 > is 
arbitrary but fixed. Then (TTSl) . (Oj) imply that 

X! \f[~N,n]{e{x),u, E^^^\x,uj)) - /[_jv,„](e(x),u;,i;f.^'(a;,w))|^ 

(7.5) n=-N 



n&Ar 



provided > exp((loglog A^)^i). Let us estimate the contributions of ^(x, w) + Q, iV] to the sum 
terms in the left-hand side of (|7.5p . 
For both E = E^^^ and E^!^'^ one has 

/[-Ar,n](e(a;),tJ,-B) = G^^(N)f^^^^^^^j^^{e{x),uj,E){n,vf\x,uj) + ^)f^_i^^^i^)^,^^^)+!i_^^{e{x),i^,E) 
due to the zero boundary condition at -I- 1, i.e., 

I[-N,N]{e{x),u},E^^\x,uj)) ^ f[_N^N](e{x),uj,El^\x,u)) =0 . 



Therefore, 



AT 



(7-6) E |/[-Af,n](e(a;),w,£')| < e "'■i ^ \fl-N,k](^{x),uj, E)\ 

again for both E = £;]^^(x,cj) and E = ^;f^^^(a;, w). Finally, in view of (113 and ([7^1) . 

TV 

E |/[-JV,Ti](e(a;),w,i;j^^(a;,w)) - /[_Ar,„] (e(x), w, i;^^^(a;, w)) | 
(7.7) <e"^[E |/™(e(a;),c.,£;f)(x,c^))|' 

neAg 

+ E |/hJV,«](e(a^))'^)^i^''(2;,w))| 



neAc 



By orthogonality of (e(a;), t^, £'] ' (x, cj)) }^^_^ and {f[^N,n]{eix),uj, eI ^ (x, cj)) }^^_^ we ob- 

tain a contradiction from (17. 7p . □ 

In order to capture the mechanism behind Figure 2 later in this paper, we will need to achieve the 
separation property of the previous proposition without removing any energies. Rather, we will be using 
some apriori information which has the same effect as requiring the energies to be "good" . This is done 
in the following result which is a corollary of the preceding proof rather than of the statement itself. 

Corollary 7.2. Assume L{uj,E) > 7 > for alluj,E and let (xq^uj) G T x T^^a be arbitrary where a > 1 
and c > are fixed. Moreover, fix constants 1 > d > e > and let N > NQ(S,e,V,a,c,"f) be sufficiently 
large. Suppose there is A = [N' , N"] C [—N,N] satisfying 

{logNf^" < |A| < N^, lOO(logiV)^^'' < N' < N" < N - 100(logiV)2^°, 

and such that for some pair Ei, E2 (z M. 

fk{ze{sLo),Lo,E)^0 VzeP(e(xo),ro), y E G V{E,,r„) U V{E2,ro), yse[-N,N]\A 

and all choices of {log N)^" < k < 100(log A^)*^" with rp cxp(-(log A^)'^"/^). If Ei,E2 are eigenvalues 
of H^-N,N]{xo,Lo), then 
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Furthermore, suppose tpji') cire normalized eigenf unctions of the Dirichlet problem on [—N,N] 
Then 

(7.8) |V'j(n)| <exp(-7dist(n,A)/2), i = l,2 
for aline [~N,N]. 

Proof Let N' N' + 10(log7V)'^o and N" N" - 10(logA^)<^^ We apply the avalanche principle 
Proposition 12.81 to /[_jv jy'] (^^o, -£') and /[jv",Ar](a;o, ^, £') with arbitrary E e T>{Ei,ro) U I?(i?2,fo)- K 
will suffice to consider the former. If for some choice of k as above and —N < s < N' 

\og\fk{xoe{suj),uj,E)\ < kL{uj,E) - ki 

then by CoroUarv 12.181 one has fk{zQe{suj),uj,E) = for some zq e 'D{e{xo), e~^) contradicting our 
hypothesis. Hence, Proposition 12.81 implies that 

f[-N.N']{xo,uj,E) ^0 VEe V{Ei,ro) U V{E2,ro) 

and similarly for f^_j^_f[q{xo,uJ, E). In fact, by the same argument, 

/[_jv,jv'](^,^,-E) ^0 Vz e V{e{xo),rn), ^E e V{Ei,ro)yJV{E2,ro) 

Now suppose that for some choice of i? e I?(i?i, rg) U T>{E2,ro), 

log \f[-N,N'] (a^o, ^, E) I < (TV' - N)L - (log iV)2C° 

Then Corollary 12.181 implies that f^_]^j^,^{z,iu,E) = where \z — e{xo)\ < exp(— (log A^)*^"), a contradic- 
tion to our choice of rp. Thus, 

log|/[-jv,JV'](^o,o7,£;)| > {N' -N)L~ {log N)^^" 
\og\f[j^„^j,]ixo,to,E)\ > {N ~N")L- (log Nf''^ 
which in its turn imply the Green function bounds 

|G[_^^^,](a:o,c^,i?)(p,(?)| <exp(-7|p-g| + (log7V)2C'„) Vp, g G [-iV, TV'] 

|G[^„^^j(a:o,c^,i?)(p,(7)l <exp(-7|p-g| + (log7V)2Co) Vp, g e [iV", iV] 

and some constant Cq — Co (a), see Cramer's rule (|2.17p . These bounds prove (|7.8p via the Poisson 
formula (|6.6[) . Furthermore, inspection of the proofs of Corollary [63] and Proposition !?. II shows that they 
apply verbatim to the situation at hand (the only difference here is that needs to beat e^^). In 

particular, \Ei — -E2I > for large N as desired. □ 

The eigenvalues e'^'^\x,lij) of the Dirichlet problem on [—N,N] are real-analytic functions of a; G T 
and can therefore be extended analytically to a complex neighborhood of T. Moreover, by simplicity of 
the eigenvalues of the Dirichlet problem, the graphs of these functions of x do not cross. Proposition 17. II 
makes this non-crossing quantitative, up to certain sections of the graphs where we lose control. These 
are the portions of the graph that intersect horizontal strips corresponding to energies in Sn.lo- The 
quantitative control provided by (110. 1|1 allows us to give lower bounds on the radii of the disks to which 
the functions -E']^'' {x, lu) extend analytically. 

Corollary 7.3. Fix a > 1, c > as well as 6 £ (0,1), assume L{uj,E) > 7 > for all {uj,E), and let 
rijv, £n,uj be as in Lemma 1 6. 'A There exists a large integer Nq{V,j, a, c,S) such that for all N > Nq the 
following holds: assume fN{xo,uJo, Eq) — for some xq £ T, ojq £ Tc,q \ flN, and Eg gM. \ £n,uio- Then 
(with luq fixed) 

(7.9) fN{z,uo,E)^{E-bo{z))xiz,E) 

for all z e T>{xQ,rQ), E G T>(Ef),ri) where ri — e^^ , rg = C^^ri. Moreover, ho{z) is analytic on 
I?(xo,ro), xi^iE) is analytic and nonzero on T>{xQ,rQ) x T>{EQ,ri), 60(2^0) = Eq. 
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Proof. By Proposition 17. 11 fN{xo,tjJo,E) 7^ if £' G I?(i?o,7'i), E ^ Eq. Since H]s[{xq,ujq) is self adjoint 
and 

\\Hn{z,ujo) - HNixo,iOo)\\ <\z- xo\, 

it follows that fN{z,u}o,E) ^ for any \z — xo\ < C~^ri, ^ < \E — Eo\ < |ri. The representa- 
tion (|7.9p is now obtained by the same arguments that lead to the Weierstrass preparation theorem, see 
Proposition [22s □ 

We shall also require quantitative control on the function x- Let zq := e{xo)- 

Corollary 7.4. Using the notations of the previous corollary one has 

f n{z, coo, E) = {E-bo{z))x{z,E) 

where x{z,E) is analytic in I?(zo,?'o) x T^{Eo,rQ) and obeys the bound 

NL{Eo,LOo)- N^^ <\og\x{z,E)\ < NL{Eo,luo) + N^^ 

for any {z,E) e V{zo,ro/2) x V{Eo,ro/2). 

Proof. Due to the uniform upper estimates on log \fN\ one has 

\E-bo{z)\\x{z,E) \ < eMNL{Eo,to„) + (logN)^) 

for any {z,E) G I?(zo,''o) ^ 'D{EQ,r^)). Take arbitrary zi e I?(zo,?'o), Ei e V{EQ,rQ/2). We distinguish 
two cases: (a) If 

\Ei-bo{zi) \ > ro/4 

then 

(7.10) \x{zi,Ei)\<AeMNL{Eo,LUo)+N^), log £^1)! < NL{Eo,iUo) + 2N^ 

(b) Otherwise, 

\E-bo{zi)\ > ro/4: 

for any \E — Ei \ — ro/2. Hence 

\x{zi,E)\<4eMNL{Eo,uo) + N') 

for any \E ~ Ei\ ~ ro/2 in this case. The maximum principle implies (|7.10|) . Thus ()7.10p holds for 
any zi g 'D{zo,ro), Ei G 'D{Eo,ro/2) which proves the upper estimate for log |x(z, Furthermore, 
|6o(z)| < 1 for any z G 'D{zo,ro). Hence 

\og\fN{z,E)\<log\x{z,E)\+C 

It follows from the large deviation estimate that given Ei G I?(i?o,7'o) there exists zi G I?(2;o,ro/4) such 
that 

log|x(zi,^i)| > NL{Eo,LOo)~N^' 
Therefore, the lower bound for log \x{z, E)\ follows from the Harnack inequalities. □ 

8. Evaluating Jensen averages via the Harnack inequality 

This section is part of the "zero counting machinery" from [GolSch2] . This machinery is of crucial 
importance to the gap development, as we shall see later. Technically speaking, the goal of this section 
is to develop estimates for log|jAfAr|| that are analogous to those valid for log|/(z)| where / is analytic. 
Special attention will be paid to the location of the zeros of the entries of Mpf. Similar considerations 
appear in [GolSch2] , and as in that paper it will be convenient to work in the following degree of generality: 
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Definition 8.1. Let M{z) be a 2 x 2 matrix-function defined in a disk I?(zo,ro) C C, tq <C 1. Thus, let 
(8.1) M{z) 



aii(z) ai2{z) 
a2i(z) a22{z) 



detM(2;) = 1. We say that AI{z) satisfies an abstract large deviation estimate (ALDE) provided the 

following holds: let 100 < K sup{||Af(z)|| : z G I?(zo,?'o)} < oo- Then for any H > (loglogi^T)'^ one 
has 

(ALDE) 



log|aij(z)| >logK - H 



for any entry Oij which is not identically zero and all 



eV{zo,ro)\B, B^\JV{Q,r), r = roexp( — 



-H 



(loglogif)c 



and J < (log log if) ^ 



In our applications, A, C will be constants as in Definition 12.61 This definition is set up to be scaling 
invariant, which is useful throughout this section. We begin by recalling the following version of Harnack's 
inequality: 

Lemma 8.2. Let f{x) he analytic in I3(zo,ro) and non-vanishing in V^ZQ^ri) with < ri < tq. Assume 
that 



Assume also that 
(8.2) 

Then, with some absolute constant C 



100 <K := sup{|/(2)| : z e V{zQ,ro)} < oo 

l/(^o)| > 
\fiO\<C\f{z)\ 



for any z,C e I?(zo,r2),r2 = (1 + logK) 

Proof. The function u{z) :— logK — log|/(z)| is harmonic and non-negative in I?(zo,ri). Applying 
Harnack's inequality to it in I?(zo,7'i) yields 

[1 - 2(1 + log if) (log if - log \f{zo)\) 

< log if - log |/(z)| < [1 + 3(1 + log (log _ log |/(zo)|) 

for any z £ T>{zo,r2). Hence, using ()8.2p . this implies that 

-2 - log |/(zo)| < - log |/(z)| < 2 - log |/(zo)| 
for any z £ I?(zo, ''2), and the lemma follows with C = e*. 
Next, we turn to matrices as in Definition 18.11 



□ 



Lemma 8.3. Fix some < Si < j^. Then for if sufficiently large depending on Si the following 
holds: suppose that one of the entries Oij (z) has no zeros in V{zQ,ri), with exp(- (log if )2'5i)^o < ^^i < 
exp (-(log if )*i)ro. Then 



(8.3) 



log- 



\M{z)\ 



Mizo) 



<exp((logif)5^^)|z-zoko-' 



for any \z — zq\ < ri for which the right-hand side of (18. 3p is < ^, say. 



RESONANCES AND THE FORMATION OF GAPS 



41 



Proof. We first claim that 

(8.4) log||Af(zo)|| > logK -{logKf^^ 

Let ai„j„{z) be an entry which has no zeros in I?(zo,ri). Due to condition (ALDE) there exists zi with 
\zi — zo\ < roexp(— (log/C)^"'!) such that |aj„j„(zi)| > _ft'exp(— (logi^)'*''i) > K^^. Since aigjg{z) is 
analytic and does not vanish in ri/2), one can apply Lemma |8 . 21 with zi in the role of zq. Therefore, 

log|a,ojo(zi)| - C < log|a,„j„(zo)| 

Hence, 

\og\a,„M\>\ogK-{logKf'^ 
which implies (|8.4p . Next, we note that for any |z — zqI < ''O: 



||Af(z)-Af(zo)|| < l^-^ol sup ||Af'(C)|l <2|z-zo|ro"' sup ||A./(C)|| 

\C-^o\<ro IC-zol<2ro 

< exp((logif)5*0k - zoK'\\M{zo)\\ 
where we used (|8.4p to pass to the final inequality. This implies that 

|^a-l|<exp((logi^f^^)|z-zo|ro"^ 
for all |z — zqI ^ ^1, which is the same as (|8.3p . □ 



Next, we consider the case when all entries ai_j{z) have zeros in I?(zo,ro). Assume that for some 
Co G Vi^ZQ, ro/4) the following condition^ are valic(j: 

(a) each entry a,ij{z) has exactly one zero in I?(Coj Po)j where 

exp(-(logi^)2^")ro <po< exp(-(logi^)*")ro 

We denote this unique zero by C,ij . 

(b) no entry aij{z) has any zeros in I?(Coj Pi) \ T^iCo, Po)j where 

exp(-(logif)*^)ro<pi<ro 

with < 10(^1 < (5o < 1. 
K will need to be large depending on Sa,Si. 

Lemma 8.4. The function bij{z) := rQ{z — Cij)^^o,ij{z) is analytic in D^Zq^Tq) and non-vanishing in 
2?(Co,Pi). ^efM(z):={6y(z)}^^^^^.^2. Then 

(8.5) r:=sup{||M(z)|l : z e V{zo,ro/2)} < 5K 
Furthermore, 

(8.6) log||M(z)|| > logK - {logKf^^ 
for any z G I?(Co;P2) with p2 = pi(logi^)^^, and 

(8.7) log||Af(z)|| >logi^ + log(|z-Co|r-o"')-(logA')^*^ 
for any z E X'(Co, P2) \ X'(Co, 2po)- 



*'We will later verify conditions (a) and (b) above for the Dirichlet determinants by means of Proposition 17. II 
^In this section po is used with a different meaning than as before; however, there is no danger of confusion. 
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Proof. For every \z — zq\ — rQ/2 and large K, 

\z - Cyl >\z- zol - |zo - Col - ICo - Cyl > - po > fo/5 
which imphes via the maximum principle that 

\hj{z)\ < 5|ay(z)| <5K y\z- zo\ < ro/2 
as claimed. Next, it follows from (ALDE) that for some Ci G 2?(CoiPi/2) one has 

log\b,,iCi)\ >\ogK - {logKf'^ 
Applying Lemma 18.21 above with Ci in the role of zq and pi/2 in the role of ri implies that 

\h,{z)\>\ogK-{logK)''- 
for all z <E 'D{(o, P2) where p2 is as above. Finally, (18. 7|) follows from ()8.6p since 
log(|z - Q,K') = log(l^ - Coko ^) - log(|z - Colk - C^,\-') 

> \og{\z - Coko - log(l + Po\z - C,r') > log(|^ - Coko"') - log 2 
since \z - C,^ \ >\z- Co| - |Co - Gjl > Po for aU z e P(Co, P2) \ 2?(Co, 2po)- 

Next, we obtain the analogue of Lemma [5T51 for the case of M{z) as in (a), (b) above. 
Lemma 8.5. For any z,w G I?(Co,P4) XT^iCo^ Ps) one has 

< Cexpi-ilogK)^") 



□ 



log log 



^^■^^ """IIA^HII """k-Col 

where p4 — exp(— (logi4r)^''^)pi and pa = exp((logiir)'^^)po, where I > So > 82 > 5Si > and K is large 
depending on these parameters. 

Proof. Set 



,iz):^{z-Co)ro'b,j{z), i,j = l,2, M(z) := {ay(z)}^<,^ 



Then 



Since 



and similarly. 



we see that 



\\M{w)\ 

\\Miz)\\ 
\\Miz)\\ 

\\Miz)\\ 



| iiM(.)n mw)u 

\w-Co\ ^\\M{z)\\\\M{w)\\i \\M{w)\\ 



<i,j<2 



\\Miz)\\ 



< 1 



\\M{z)-M{z)\\ , _ \Co-Q,\ / , , Po 



\\M{z)\\ 



> 1 - 



\mz)\\ 

\\M{z)-M{z)\\ 
\\M{z)\\ 



< 1 + max 



l<z,j<2 \z-Cq\ P3 



^ 1 ICo - Cij \ ^ -I PO 

> 1 — max V > 1 



i<i,j<2 \z-Co\ 



P3 



r l|M(z)|| iiMHih 

^\\M{z)\\ \\M{w)V 



< c 



Pa 

P3 



whereas from Lemma 18.31 one has 



log 



\\Miz)\\ 



< 



\\Miw)\\ 

for any z,w € I?(Co,P2) where p2 is as above. In conclusion 



C exp {{log K)^^')\z - w\ra^ 



log S- log 



llMHil 



h-Col 



< C exp {{log Kf')p4ro^ + C^ 

Pa 



which implies the lemma. 



□ 
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Next, we apply these results to the propagator matrices Mjv- Of particular importance for the zero 
count are the Jensen averages 



(8.9) 
(8.10) 



[u{0-u{z)]d^dT^ 



V(z,r) 



J{u,V,r2)=j J{u,z,r2) 



dx dy 



where T) is an arbitrary bounded domain in the second line (as usual, ^ means average) . Recall that we 
are assuming that V is analytic on some annulus Ap^ . 

Proposition 8.6. Let < 10(5i < 5q he fixed small parameters, lo € Tea, o,nd zq G Apg/2- There exists a 
positive integer No{So,di, c, a, 7, V, E) so that the following holds: 
(1) Suppose that one of the Dirichlet determinants 

f[l,N]{-,^,E), /[i,Ar_i](-,W, -E), /[2^Ar](-,W, £^), f[2,N-l]{-,^,E) 

has no zeros in 'D{zo,ri), exp{—N^^'-) < ri < exp(— A^'^'^ ). Then 

'\MNiz,uj,E)\ 



.11 



log- 



< Cexp(iV5'^i)k-2o| 



\MNizo,uj,E)\ 

for any z G 'D{zq, ri/2). In particular, with J(u, z, r) defined as in ()8.9|) one has 

(8.12) j{\og\\MN{-.LO,E)\lzo,r) < rexp(7V5^0 

for any < < ri/2. 

(2) Assume that for some Co G following conditions are valid: 

(a) each determinant 

f[l,N]{-,^,E), f[i pf^^{-,U!,E), f[2,N]i-i^, E), f[2,N~l]i-i^, E) 

has exactly one zero in T>{(q,po), where cxp{—N^^°) < po < exp(— iV'") 

(b) none of these determinants has any zeros in T>{Qq, pi)\T>{C,a, po) , where exp(— A^"^!) < pi < po/10- 

Then 



(8.13) 
for any 



, \\Mn{z,lo,E)\\ |z-Co| 
log TTl—r? FTIT ^ log 



\\Mn{(:,oj,e)\\ 



IC-Col 



< exp(-A^'^^) 



Poexp(iV'>^) < |z-Co|,k-Col <Piexp(-7V2^^) 



where j > 5{) > 52> iSi > 0. Furthermore, 



(8.14) 



j{[\og\\MN{-,u;,E)\\ -\og \ ■ -Co\],z,r) <exp{~N^'-) 



for any z G T>{(q, pi/2) and any pQeyip{N^^) < r < pi exp(— A^^''^). Statements similar to (1), (2) hold 
with respect to zeros in the E-variable with z — e{x) arbitrary but fixed. 



Proof. Part (1) follows from Lemma [8?3l with a choice of ro = Po/2. Part (2) follows from Lemma 18751 In 
both cases, the (ALDE) holds due to the large deviation theorem for Af^r and f^, see Propositions 12.71 
(for the LDE in x) and [2221 and Remark [121 (for the LDE in £■). □ 
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9. A MULTI-SCALE APPROACH TO COUNTING ZEROS OF DiRICHLET DETERMINANTS 



The basic question motivating this section is as foUows: suppose 



j-i 

[1, iV) = IJ [no, Tij+i), l = nQ<ni< ...<nj = N 



Can we relate the number of zeros of f[ij^){-,uj, E) in I?(zo,r) to the sum of the numbers of zeros of 
/[nj,nj+i)('j ^) ill ^(^Oj^)? This seems hke a very farfetched question; indeed, since typicaUy 




there is no reason to assume that the zeros on the left-hand side are in any way related to the zeros on 
the right-hand side. Nevertheless, we shall see in this section that under certain conditions (which will 
still be flexible enough for our purposes) such an addition theorem does hold for the number of zeros. 
The basic tools here are the avalanche principle and the Jensen averages from Section [2l The former will 
give us something akin to ()9.1|) . whereas the latter allows for an effective zero count based on averaging. 
Averaging here is particularly important as it "washes out" a set of exceptional phases that need to 
be removed for the avalanche principle to hold. Results similar to those of this section can be found in 
Sections 12 and 13 of |GolSch2] . We describe how to combine Proposition l8.6l with the avalanche principle 
expansion to count precisely the number of the zeros of Dirichlet determinants. The following definition is 
very important in this regard. For the following definition recall that 2{f, z, r) = {C g T'lz, r) : /(C) = 0}. 

Definition 9.1. Let £ > I be some integer, and s e Z. Fix {i^,E) as well as some disk I?(zo,7'o)- We 
say that s is adjusted to {V(zQ,ro),Lo,E) at scale I if for all £ < k < 100£ 



First, an easy but useful observation: the determinants appearing in the definition of "adjusted" 
automatically satisfy a large deviation type estimate. 

Lemma 9.2. Let luq G Tc,q and Eq G C. There exists £q — £o(V, po,a,c) so that if s is adjusted to 
{'D{zo,ro),uJo, Eq) at scale £ > £o with tq > e^^, then 

log|/fc(ze((s -|-m)wo),'^o,£^o)| > kL{LjQ,Eo) - ki V |z - zo\ < ro/2 
for all \m\ < 1Q0£ and £ < k < 1QQ£. 
Proof. Suppose not. Then 



for some choice of |m| < 100£, £ < k < 100£, and |zi — zq\ < ro/2. By Corollarv l2.18l there exists 



We shall now prove that the notion of "adjusted" allows for an affirmative answer to the "additivity 
of the zero count" question stated at the beginning of this section. In the following proposition, the 
constants implicit in the <C and < notations are absolute. For the i^f notation, see (|4.2p . Also, as usual 
V is analytic on Ap^ for some pq > 0. 

Proposition 9.3. Let a > l,c > and fix ujq G Tc,a- Assume that L{u!o,Eo) > 7 > where Eq £ C 
is arbitrary hut fixed. There exists a large integer Nq — Nq{V, po,"f, a, c, Eq) such that for any N > Nq 



Z{fk{-e{{s + m)uj),uj,E), Zq^t'o) = 



V |m| < 1001 



log\fk{zie{{s + m)ujo),ujo, Eo)\ < fcL(cjo,£^o) - 



\z2 - zi\ < exp ( - k^/{\ogkf°) < ro/2 
such that fk{z2s{{s + m)LUQ),uJo, Eq) — 0. But this contradicts Definition 19. II 



□ 
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the following holds. Let I be an integer (logA^)"^ < £ where A = A{V, pQ,j,a, c, Eq) is a large constant. 
Suppose that with some uq :^ 1 < ni < n2 < . . . < nj < nj+i := N , 

J 

[1, A^] — [nj^i,nj) U [nj,N], m ;= min (rij+i — > lOi 
i=i o<j<J 

We assume that Uj is adjusted to {^{zq, ri), luq, Eq) at scale £ for each < j < J + 1, where zq = e(xo), 
Xn G T, and < ri < pQ. Let Aj := [nj.,nj^i) with < j < J — 1 and Aj := [nj,N]. Then, with 



e-v^ < ro < N~^ri and r^ = C~Vo, 



J 



J{^og wo, £^o)Uo, ro, ra) = ^ J(log |/a^ (•, c^o, £^o)Uo, ^o, ra) + 0(iVr ^ {r^r^^ + e"^^)) 

Furthermore, suppose also that for all < j < .J one has 

(9.2) Z(/A^(.,c^o,i?o),2?(^o,3ro/2)\I?(zo,ro/2)) =0 

J 

^/(i,ivl(-,"o.Bo)(20,ro) Xl''/A,(-:"o,So)(20,ro) 
3=0 

Finally, if every 1 < s < N is adjusted to (T){zQ,ri),ujQ, Eq) at scale £, then i^fj^i.^ujo,Eo){^Oi^~^i^i) = 0- 
Proof. We begin by noting that 



fN{z,ujo,Eo) 






1 


0" 











Mn{z,ujq,Eo) 



1 




The idea is to apply the avalanche principle to the matrix on the right-hand side by writing it as a product 
of monodromy matrices corresponding to the Aj. However, we need to connect any two such adjacent 
matrices by (much shorter) ones of length £. Hence, we let 

a; := [n, + 2£, n^+i - 2£] , Aj (z) := Ma^. {z, ujo,Eo), < j < J 

where Ma for an interval A C Z denotes the monodromy matrix corresponding to A. Next, we define 

Bj,i{z) := Mi^nj-2e,n^^e]{^,^Q,Eo), -6^,2(2) := M(„^_£^„^.] (z, wo, £^0), 

Bj,3{z) := M^nj,nj+l){z,LL!0, Eq), Bj^^{z) := M[n^^i nj+2l)iz,i^a,Eo) 

for 1 < j < J and 



1 




M[i/){z,ujq,Eq), Bj+iAz) := M(^N_^^N]{z,ujQ,Eo) 



1 




fN{z,UJo,Eo) 





as well as BqAz) := M[i^2i){z,ujo, Eq), Bj+i^i{z) := M(^N_2e,N-e]{z,ujo, Eq). Then, 

,7 

Bo,3(z)Bo,4(z)Ao(z)]J (Bju(z)S,-2(z)B,-3(z)S,-4(z)A,(z))Bj+i4(z)Sj+i,2(z) 

Since each nj is adjusted to (I?(zo, ri), wo, i?o) a-t scale £, Lemma 19.21 implies that each Bj^i satisfies an 
estimate of the form 

log||Bj-,(z)|| > £Li^o, Eo) - £^ VzeI?(zo,ri/2) 

The point here is that we avoid the removal of sets of measure in the z-variable coming from the 

large deviation theorem; such sets would be unnecessarily large. On the other hand, the large deviation 
theorem applied to each Aj implies that there exists B := Bn,luo.Eo C C with mcs (;B) < exp(— m'^/"') so 
that for any z S I'(zo, ri/2) \ B 



log||A,(z)|| > |A,|L(wo,i?o)-|A,f 
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Therefore, for all z e "D^zq, ri/2) \ B, one has the avalanche principle expansion 

log|/jv(z,c^o,£^o)| -log||Bo,i(2)So,2(2)|| +fog||So,2(2)Ao(z)|| +log||Ao(z)Bi4(z)|| - 
+ log\\Bn,iA„{z)\\ +log||yl„S„+i,i(z)|| +log\\Bn+i,i{z)Bn+i,2{z) 



(9.3) 



log\\Bo,2{^)\\+log\\Ao{z)\\ 



log||i?i,iWII 



+ log||B„,4(2)|l + 



+ log||A„(z)|| +log||B„+i,i(z)|| +log||B„+i,2(z)||) +0(e-^'^') 



Next, we apply the avalanche principle again, this time to each of the /a'. (2, wq, i?o), < j < Thus, 
we write 







1 




Ma.{z,ujo,Eq) 



1 




BjMz)BjAz)Ajiz)Bj+i,iiz)Bj+,^2iz) 



where 



1 




1 




Thus, for all z e V{zo, ri/2) \ B, 

log|/A,.(z,c^o,So)| = log||43WS,,4(z)|| +log||B,,4(^)A,(^)|| +logP,(z)B,+i,i(z)|| 
+ log||B,+i,i(z)B,+i,2W|| - (log||B,-4(z)|| +log||A,(z)|| +log||B,+i,i(z)||) +0(e-^) 



where we again applied Lemma 19.21 Summing these expressions over j, and subtracting the result 
from (|9.3p shows the following: for all z G 'D{zo,ri/2) \ B 



K 



(9.4) 



log |/^(z, i?o)| - E I ^0, i?o)| = E ± 11^^(^)11 + Oie--^') 

j=0 fe=l 

with K < N and Wk being a 2 x 2-matrix each entry of which is either identically zero or a determinant 
/a(2:, t^o, Eq) with A C [1, N] being an interval of length proportional to t\ the point here is that we set 
up the avalanche principle in such a way that the bulk terms containing Aj{z) exactly cancel in (|9.4p . 
Moreover, every Wk contains at least one nonzero entry, which necessarily is a determinant satisfying 
the conditions of Definition 19. 11 i.e., it does not vanish on I?(2;o, ri). Thus, by Proposition 18.61 and with 
r2 ro/10, 

(9.5) ^(log |/Ar(-, t^o, £^0)1, ^0, ro, ra) - ^ ^(log |/a, (•, c^o, i^o)Uo, ro, ra) < Nl-^r^r^^ + e"^^ ) 

We used here that J < N£~^. It is important to note that r2 is very large compared to the measure of B. 
Hence, when applying the averaging operator J' the exceptional set B only produces an additive error of 

the form e~^' . By ([931) and Corollary 

'^fM(-,<^o,Eo){zo,ro - r2) < i^g{zo,ro + r2), i^g{zo,ro - r2) < iyff,(.,ujo,Eo){zo,ro +r2), 

where 

J 

9{z) n ff^j{z,ujQ,EQ) 
3=0 

Replacing tq by (tq ± r2), one obtains similarly 

'^fN{-,<^o,Eo){zo,ro) <'^g{za,ro + 2r2), Vg{zo,rQ - 2r2) < Vfr,{-,ujo,Eo){za,rQ) 
Due to the assumptions of the lemma 

^g{zo, Tq + 2r2) = 1^9(2:0, ''0 " 2r2) 
and the assertion follows. □ 
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Heuristically speaking, the fact that edges of the main intervals Aj are adjusted in Proposition 19.31 
ensures that these intervals are "independent" of each other. This is of course crucial for the zero count 
to work. One can think of it in this way: each zero Zjk of det{HAj (■, wq) — E) produces an eigenstate i/^jk 
on Aj with energy Eq that is localized strictly inside Aj (since by adjustedness the Green function decays 
exponentially close to the edges of A^). For this reason, we can simply extend each of these eigenstates 
tpjk{z) to all of [1, N] by setting them equal to zero outside of Aj. This creates an approximate eigenstate 
of ^f[i,Ar] {xo, (j^o) with energy Eq and therefore a zero z' of det(i?[i jy] {■,^o) ~ E) which is very close to Zjk- 
Note that in this process the assumption (|9.2p plays a very important role: it guarantees that we do 
not "pull in" any zero from outside of V^zo^ro) — this may certainly occur under the process we just 
described. This discussion shows that the assumptions of Proposition 19 .31 are essentially optimal. We now 
consider the exact same questions but with regard to zeros in E rather than z. Just as in the case of zeros 
in z there is a notion of "adjusted" for zeros in E. 

Definition 9.4. Let £ > 1 be some integer, and s G Z. Fix We say that s is adjusted to 

{z,oj,V(Eo,ro)) at scale £ if for all i < k < 100£ 

Z(/fc(ze((s + mH,c^,-),So,ro) =0 V |m| < 1001 

Using self-adjointness of Ha{x, uj), for a; G M and real- valued V we can say that the notion of "adjusted" 
is symmetric with respect to z and E. This will use the crucial Corollarv l2.18l 

Lemma 9.5. Let V be real-valued on T and let zq = e(a;o) where xq G M. There exists a constant 
C{V) with the following property: suppose that s is adjusted to (zq, wqj 2-'(i?o, ?'o)) o,l scale £. Then s is 
adjusted to (z, wq, 2?(i?o, fo)) at scale £ for every z G T>{zQ,C(V)~^ro). In other words, s is adjusted to 
(T>(za,C{V)~^ro),LL!Q, E) at scale £ for every E G T>{EQ,ro). In particular, 

\og\fk{eiz + (s + m)uJo),ujo, E)\ > kL{ujQ,E) - k'i \E - Eo\ < ro/2, V|z-zo| <C{V)-\o 

and for all \m\ < 100£, £ < k < 100£. Conversely, if s is adjusted to (I?(zo, ro), wq, i^o) at scale £, then s 
is adjusted to {zo,LLJo,T>{Eo,ri)) at scale £, where log(rj~^) = log{rQ^){log£)'~'^ . 

Proof We need to show that for all £ < k < 100£ 

Z(/fc(ze((s + mH),c^o,-),So,ro/2) = V |77i| < 100^ 

and all |z — zo| < C{V)^^ro. Suppose fk{ze{{s + m)u}o),ujQ, E) — for some choice of |z — zqI < C{V)~^'ro, 
E G V{Eo,ro/2), and k,ni in the admissible ranges. Since for large enough C{V) 

\\H[i,k]{ze{{s + m)wo),cjo) - i?[i,fe] (zoe((s + m)cjo), t^o)|| < Ci{V)\z - zq\ < ro/2 

and -ffji fe](zoe((s + m)LUo) , luq) is Hermitian, we conclude by Lemma |2 . 1 91 that the latter operator would 
need to have an eigenvalue in the interval {E — ro/2,E + ro/2). Since this is included in T>{Eo,ro), we 
arrive at a contradiction to Definition 19.41 The final statement follows from Lemma [521 

For the converse, note that if s is adjusted to {T>{zo,ro),oJo, Eq) at scale £, then for any £ < k < 100£ 

log\fk{zo,u;o,Eo)\ > kL{Eo,u;o)-logir^^){logkf° 

by Corollarv l2.18l Next, by Corollarv l2.15i fk{zQ,ujo,E) ^ for all \E — Eo\ < ri where ri is as in the 
statement of the lemma. □ 

We are now in a position to state the analogue of Proposition 19.31 with regard to the iJ- variable. Recall 
that the proof of that result used the large deviation estimate. Here, we shall do the same but with regard 
to the matrix function E i-^ Mjv(e(a;), w, E). The large deviation estimate for this purpose is provided by 
Proposition 12.231 

Proposition 9.6. Let V be real-valued and a > 1, c > and fixojo € Tc,a- Assume that L{u!o, Eq) > 7 > 
where Eo (z C is arbitrary but fixed. There exists a large integer No = No{V, po,"f,a,c, Eo) such that for 
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any N > Nq the following holds. Let I be an integer such that (log N)^ < I where A = A(y, Poi 7j 0,1 c, -E-o) 
is a large constant. Suppose that with some uq :— I < ni < n2 < . . . < nj < n,/+i := A^, 

.7 



[l,N]^[\[nj^i,nj)U[nj,N], m := min (rtj+i - n^) > 

0<7<J 



Suppose moreover that nj is adjusted to {zo,LUo,'D(EQ,ri)) at scale £ for each < j < J + 1, where 

1 

zq — e{xo), xq e T, and e^^^ < ri < exp(— (logf)*^"). Lei Aj :— [nj,nj^i) with < j < J ~ 1 and 
1 

Aj :— [n,j,N]. Let e"™"* < tq < N~^ri be arbitrary. Then, with r2 — C^^tq, 

:^(log |/[i,iv](^o, ^0, ■)\,Eo,ro,r.2) = ^ ^(log |/a^ (zq, u;o, •)!, £^o, ''o, ^2) + 0{m-^ (rorfi + e"^^)) 

Furthermore, suppose that for all < j < J one has 

Z{fA^ (zo, c^o, •),2?(E^o, 3ro/2) \ I?(L;o, ro/2)) = 

J 

Finally, if every 1 < s < N is adjusted to (zq, wq, 2?(£'oi ^1)) ^,1- scale I, then ^'/„(.,cj(,.£;(,)(z, -/V^-'^j'i) = 
for all\z~ ZQ\<C{V)-^N-^rx. 

Proof. This is very similar to the proof of Proposition 19.31 More precisely, running the argument of 
Proposition [nSl in the variable E rather than z yields the following: 

,7 

%^,^i{z,u.oM^o,uro) ^^i^f^^(,,^,,){Eo,uro) 
j=o 

for all X G T where | < u < |. Therefore, using Lemma [2. 191 yields that 

J 

^/[i,«i(a'^o,-) (^0,7-0) = Xl''/A,(^,'^o,-)(-So,ro) 
j=0 

for all |z — zqI < C{V)^^ro as claimed. □ 

In applications we will need to chose the Uj to be adjusted. This is can be done via the following 
results. 

Lemma 9.7. Let ujq E Tc^a, G T, Eo G M, and uq G Z. Given £ ^ 1 and ri = cxp(— (log£)*-^), there 
exists 

(9.6) < e [r^o-^^no+^^] 
such that with zq — e{xo), 

(9.7) fk{-e{nuJo),i^o,Eo) has no zero in'D{zQ,ri) 

for any \n — n'^\ < 100^ and £ < k < 100£. Ln other words, each n'^ is adjusted to [zQ,L0Q,T>{Et:,,r2)) with 
r2 = exp(-(log£)2'^). 

Proof. Suppose this fails. Then there exists a sequence {kj}j^^ C [£, lOOi] with J > as well as an 
increasing sequence {nj}j^i C [no — £^,no + £^] so that 

Zifk, (•e(n,c^o), uJo, Eo)) n V{zo, r^) ^ ^ 

for each 1 < j < J . Since there are at most 100^ choices for kj, there exists some jo in this range such 
that 

2(/fe,„(-e(m,c^o),^o,So))nl?(zo,ri) 
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for some increasing sequence {mi}f^^ C [hq — np + where J' > i^. Since fkj^^ (•, t^oi ^-o) has at most 
C{V)£ zeros, it follows that there exists zi S I?(zo,r'i) as well as m € [1,2^^] with the property that 
zie{mLO{)) £ 'D{zQ^ri). However, this contradicts the Diophantine property of cjq- D 

This lemma gives us a lot of room to find adjusted sequences. 

Corollary 9.8. Assume that luq e Tc,a- Given a disk 'D{zo,ri), ri x exp(— (log^)'^) and an increasing 
sequence {njYjLi such that n^+i — rij > f for 1 < j < jo, there exists an increasing sequence {njy°^i 
which is adjusted to I?(zo,ri) at scale I and such that 

(9.8) \n,-n,\<t, \ < ] < jo- 

Proof. Simply apply the previous lemma to each hj. □ 

We now show how one can apply this zero count to improving the bound on the separation between 
the zeros as in Proposition 15.51 The point is that due to passing to a smaller scale we will be able to 
substantially reduce the size of t in Proposition 15. 51 

Proposition 9.9. Assume that L{lu,E) > 7 > for al^ lu,E. Given c > 0, a > I, and A > I there 
exists No — .^0(^7 c, a, 7, A) such that for any N > No and T > 2N there exist Qn.t C T and Sn.uj.t C K 
with 

rues {nN,T) < rexp(-(log7V)'^), comp^r^Ar^r) <T'^ N 

mes{£N.^u..T) < Texp{-{\ogN)^), compK^^.^.r) <T^N 
and with the following property: for any lo G Tc^a \ ^n,t, zo = e{xo), Eq G R\£n,iaj,t cind any N' , t which 
satisfy the following conditions 

(i) (logmin(7V,iV'))'^° > logmax(iV, TV') 

(ii) 2N <t<T, 
one has 

Z(/jv(zo, ■),V{Eo, ro)) n Z(/Ar, [zoeitcu), lu, •), V{Eo, ro)) = 
where ro := exp(— (log A^)'^). 

Proof. Let £ be an integer, £ = {logNy^. Let fi^j t' h, and Sg^ £2 1' h uj be as in Proposition 15.51 Set 

^N.T = [J [J ^ei,e2,t',H 

N<t'<T £<£i,£2<100£ 



Sn.,uj.T = U U £li,l2.t',H.,uj 

N<t'<T l<li,e.2<W0l 

Assume that Z{fN{zo, uj, ■),'D{Eo, ro)) ^ 0. Due to the last part of Proposition l9 . 61 there exists 1 < s < 
which is not adjusted to (zq, wqj 2?(i?o, ?'i)) at scale £, where r\ := exp{—£'^^^^); in other words, 

Zife,izoeisLo),LO,-),V{Eo,ri)) ^dl 

for some £ < £1 < 100£ . Then, due to Proposition [STSl provided uj G Tc.a \ ^n.t and i?o S K \ £n,uj,t one 
has 

Zife2{zoeis'u;),uj,-),ViEo,ri))^i!) 
for any 2N < s' < N' . We used here that t' -.^ s' - s > N, and N > exp((loglog£)'^"), where Co is the 
same as int he statement of Proposition [531 That suffices for Proposition l5.5l Hence 

Z{fN'{zoe{tuj),Lj,-),V{Eo,ro))^(ll 
due to last part of Proposition 19. 61 □ 

®One can localize hero as usual. 
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Next, we use this improvement in the size of t to reduce the size of the window of locahzation in 
Section [Sj The gain here is due to a "induction on scales" which enters into the proof of the previous 
proposition through the zero count used there fProposition l9.9p . We shaU use the notations of that section 
as for example i'j^\x,u!). 

Corollary 9.10. Assume that L{lu,E) > 7 > for all lu,E. Given c > 0, a > 1, A there exists 
Nq = Nq{V, 7, a, c, A) such that for any N > Nq there exist d T, fi'^ C T, ^Ar,^^ C K, £^ C M with 

mes (riAf) < exp (-(logiV)^), compl(f7Ar) < 

mes i^'j^) < exp (-(log log A^)-^), compl(rj^) < exp((loglogiV)'^/2) 
mes {£n.u) < exp (-(logiV)^), compl(£:iv,..) < 

ines{£'j,J < exp(-(loglog7V)-4), compl(£:^_^) < exp((loglog7V)^/2) 

satisfying the following properties: for any uj G Tea \ {^N U ^2^) and any x G T. any i"^ -normalized 
eigenfunction -iJjj^^XjLu) of H[_pf pf^{x,Lu) with associated eigenvalue E^^\x,uj) G M \ U £'j^ ^) 

satisfies 

\i;f \x,Lo){n)\ < Cexp(-7dist(n, A,)/2) 

for aline [~N,N] where A ^ := [i^^^^\x,uj) - £, i'^f\x,uj) + £] n [-N, N] where £ = (logiV)^^. 

Proof. Inspection of the proofs in Section [6] shows that the size of the window of localization is determined 
by the size of the shift t that assures separation of the zeros as in Proposition 19.91 Note that we apply 
that proposition on scale £ rather than N; the point here is that we then take T = cxp((loglogiV)^i) 
which is the size of the localization window guaranteed by Proposition [^13] from Section [51 As long as we 
choose A^ Bi the corollary immediately follows. □ 

Definition 9.11. Using the notations of the previous corollary, we set 

r!^^ := nN u n'j^, 4'1 ■= u s'j^^^ 

In what follows we shall use this notation for sets satisfying the estimates from (19. 9p . We shall also need 
to go down one more level: thus, set 

0(2) 0(1) I I 0(1) i)c(i) 

where £ = (logA^)**"^ as in Gorollaru \9.1(K 

10. On the parametrization of the Dirichlet eigenfunctions 

In this section we describe the graphs of the Rellich parametrization of the eigenvalues and eigenfunc- 
tions. It should be thought of as a preliminary ingredient in the construction of Sinai's function A, see 
Section 1131 In this section we shall assume for simplicity that 

i(w, £;) > 7 > V(u;, G T X M 

This assumption can of course be localized to a rectangle (tj',a;") x {E',E"). In addition, we will fix 
a > 1, c > and consider Tc,a- 

Proposition 10.1. Given < 6 < 1 there exist large constants Nq — No{d,V,j,a,c), and A = 
A((5, V, 7, a, c) such that for any N > Nq, and any (logA^)'^ = £ there exist '^/JL Defini- 

tion \9.11\ such that for any to G Tc.a \ ^^jy^ and all x e T one has 



(10.1) \E]^^{x,uj)-El^\x,Lo)\>eM-i') 



for all j 7^ k provided Ej^\x,LL)) ^ 

Proof. This follows from the proof of the eigenvalue separation from Section [7| in combination with the 
reduction of the size of the localization window which was obtained in Corollarv l9.10l □ 
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We emphasize that SA ^ 1. Thus, the separation achieved here is always much smaller than ^. 

Corollary 10.2. Using the notations of Definition \ 9.11\ assume that lo G Tc,a \ '^'^^ ^jki^j'-^) ^ 
^N^,uj' k = l,2 for some x eT. If for ji ^ j2 

then 

\El^Hx,iu) - eI^\x,l,)\ > exp(-(log£)^) 
where A is a large parameter as in the definition. 

Proof. Since \i'j^\x,uj) — iyj^\x,uj)\ < i, 

\i'j^\x,uj,n)\ < exp(-7|n- f]f^(a;,w)|/2) 
for |n — h'j^\x,u!)\ > C£, s — 1,2, due to Corollary 19 . 101 where C ^ 1. Hence, 
(10.2) dist [E^^^\xo,uj),spec (^^[,(«)(,^^)_cf,,(~)(,,^)+c£](^' ^))] ^ exp(-7^) 

and the corollary follows from the previous Proposition 110.11 Indeed, that proposition, applied to 

guarantees a splitting between the eigenvalues "* by an amount exp(— (log^)"^*). Since AS ^ 1 anyway, 
we simply set 6 — 1 and we are done. Note that (|10.2p guarantees that the restriction to the interval 
Wj^^ (x, ui) — Ci, v''^^ {x,uj) + CI] only affects the estimate by an exponentially small amount e^^^ which 
is acceptable. □ 

We will now investigate - and single out - those portions of the graphs of the eigenvalues e'^^^ (x, ijj) 
which have controlled slopes and controlled separations from the other eigenvalues. In order to obtain 
reasonable complexity bounds (i.e., to efficiently limit the number of these portions), we replace the 
function V{e{x))^ a; S T by an approximating algebraic polynomial. Since V{z) is analytic in Ap„ the 
Fourier coefficients v{n) of v{x) :— V{e{x)) satisfy 

|t'(n)|<Soexp(-^H) 

where Bq = max{|T/(z)| : z e Apg/2}- Replacing the exponent e{nx) by their Taylor polynomials leads to 
the following statement. 

Lemma 10.3. Given < cr < 1, and T > 1 there exists a polynomial V{x),x G R with real coefficients 
such that 

(1) max \V(e(x)) - V(x)\ < a 

\x\<T 

(2) degl/(a;) <4T(i^o + logfT-i), ^ Ko{V) 

For the remainder of this section, we set a :— aN — exp(— A''^), and T := T^v = iV + 1 and we denote the 
corresponding polynomial from Lemma ll0.3l bv V]\[{x). Let i?[_Ar,Ar](a;, cj) be the Schrodinger operator on 

[—N,N] with Dirichlet boundary conditions and with potential V]\r{x + nuj), —N <n<N. Furthermore, 
let 

e[^^ {x, lu) < E^"'^ {x,oj)<---< Ef^\^ {x, Lo) 
be the eigenvalues of i/[_Arjv](a;, w). 

Lemma 10.4. With the previous notation, one has the following estimates: 

(1) \\H[-N.N]{x,uj) - H[_N^N^^{x,Lo)\\ < a, 'i x,uj 



52 



MICHAEL GOLDSTEIN AND WILHELM SCHLAG 



(2) For any a;,a; G [—1, 1], one has 1 < j < 2N + 1 there exists 1 < Ji < 2N + 1 such that 

\Ef\x,u;)-^^\x,Lu)\<a, 



and vice versa. 
(3) If for some x,Ll! 



l<j<2N 

then one has ji = j and 



mm {E^^\{x,Lo) - Ef\x,uo)) > exp(-7V*), 



\Ef'\x,u;)-Ef\x,u:)\<a, [1,27V+1] 
rnin {E\ll{x,u^)-Ef\x,u^)) > 1 exp(-iV^) 

l<j<2A' ■' i 



Proof. (1) follows from the estimate (1) of Lemma [10. 31 Properties (2) and (3) now follow from assertion 
(1) due to basic facts about perturbations of self- adjoint operators. □ 

Set 

fN{e{x),uj,E) := det{H[_N,N]{x,u;) - E) 

Note that due to property (1) of Lemma ll0.31 fni^, oj, E) is a polynomial in x, w, E with 

(10.3) Aeg~fN<N\ for N > No{V,c,a,-t) 

Given an arbitrary interval [E_, E] set 

BnAE,E)^{x^ [0,1] :spec(ff[_w,w](a;,w))n(^,:B)^0} 
BnAE.E)^{x<E [0,1] : spec(ff[_Ar,Ar](a;,w)) n 7^ 0} 

These sets have a number of simple properties: 

Lemma 10.5. The sets introduced in (jl0.4p satisfy the following properties: 

(1) BNAS..E)(:iBNAE-(y,E + a) cBN.AE-2a,E + 2a) 

(2) mes BnAE,E) < exp{-H/{logNf), where e-" = min(l/2,;E - 

(3) Bn,lj{E_, E) consists of a union of at most 0{KqN'^) closed intervals, where Kq is as in Lemma \10.3\ 

Proof. Property (1) is due to fact (2) of Lemma [10.41 (2) follows from (1) due to Lemma [2.171 (the 
analogue of Wegner's estimate). The edges of the maximal intervals in the complement of Bn.uj are the 
roots of the equations 

fN{x,uj,E) ^0 or fNix,uj,E) ^0 
Since deg/jv < KqN'^, property (3) follows. □ 

For the rest of this section, we fix w € Tc^^n, where ^n,£-n,uj are the sets from Corollary 17.21 and 
Proposition 17. II . 



Corollary 10.6. There exist intervals C [0,1], k — l,...,/co such that the following conditions 

hold: 

(1) \Ef\x,u:)^E'-''\x,uj)\<aforanyx^[j[£,l£,'i;\ and any j ^ I, . . . ,2N + \ 

k 



(2) 

min 

l<j<2Af 



mm {E^^^lix,u;) ~ E^f\x,u;)) > 1 exp(-iV^) 
mm (^]^) {x,uj)~ eP {x, c.)) > \ exp(-iV^) 



for anyx€[jWk,m 
(3) mes([0,l]\uk,?;']) < exp(-i(logiV)^) 

k 
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(4) fco < 
Proof. Set 

Bn,u> {.T e [0, 1] : spec (i/[-w,iv](2:, c^)) f) 4ti ^ 

Note that 

where the union here runs over the maximal subintervals of S^lj- One the one hand, due to the properties 
of Sn.lj, the set can be covered by at most N"^ intervals [E^., E'j^] with 

J2iE'^-E',)<cM-iiogN)^) 

k 

On the other hand, by Lemma [10.51 it follows that for each such fc, the set Bn,uj{K, E) is the union of at 
most < iV* intervals on the x-axis. Hence, Bn^^j is the union of at most < A'''' intervals. The maximal 
intervals in the complement of Bm,ui are now defined to be [C^jCfe] with 1 < A: < feg. The corollary follows 
by combining Lemma 110.41 and Lemma 110.51 □ 

We also record the following standard fact about the perturbations of analytic matrix functions M{z) 
which take values in the Hcrmitian matrices. We state it for the case of i/[_jv,Ar](a;, dj) with N large. 

Lemma 10.7. Assume that for some xo,LUo,jo 

(10.5) min|ii:f )(a;o,c.o) -4f'^(xo,c.o)| > ct^°^ > 

Then there exists an analytic function Ej^\z,u!), {z,U!) G I?(a;o,r'o) x 'D(ujQ,ro),ro = o'^'^ /N'^ such that 

spec nl?(ii;]f\a(0)/2) = {eI^\z,uj)} 

for any {z,uj) S I?(a;o,ro) x 'D{uJa,ro)- Furthermore, suppose (|10.5[) holds for all jo- If ^o-^") > a^, then 
for each j there exists an analytic function Ej^\z,u!), {z,U!) G I?(a;o,7'o) x 'D{uJo,ro) such that 

spec(i7[_^,^] (z, Lo)) n V{Ef^ (xq, c^o), ^<°V2) = {Ef\z, lo)} 

for any {z,lu) G I?(xo,r'o) x ^(tJoj ''o)- Finally, for each j, 

\Ef\z,u;)~Ef\z,cu)\<2aN 

\d''Ef\z,Lu)^d''E,{z,Lu)\ < 2a!(^)-l"la^ 

for any {z,uj) £ X'(xo,ro/2) x X>(wo,ro/2). 

Combining Lemma 110.71 with Corollary 110.61 one obtains the following. 

Corollary 10.8. Using the notations of Corollary \10.6\ one has 

\d,Ef\x,Lu) - d,Ef\x,io)\ < ^ 

for any x G UKIo ^'k\ '^'"■^ any j = 1, . . . , 2iV + 1. 

k 

Note that each Ej^\-, u) is an algebraic function (see Appendix A). That implies the following statement. 

Lemma 10.9. For each j — I, . . . , 2N + 1 and each r > there exist disjoint intervals [rj'j „(t), ?7"„(t)], 
m = 1, 2, . . . , Too, tuq < such that 
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(i) \^,^''\x,u;)\ > r for any X e [-lA]\U[v',^,,Xr),v'lrnir)] 

ni 

(ii) \d,Ef\x,u;)\ < T for any x G UI^^^^W, <,™ W] 

■m 

Proof. The degree of /at is < iV"', see (jlO.Sp . Since f n {x , uj , e[^\x , u:)) = 0, we sec that 
d^Ef\x,uj) -dEfN{x,uj,E)/d^fNix,uj,E) ^ 

Hence, by Bczout's theorem in the appendix it follows that the equation dxE^^\x,Lu) = ±t has at most 
2iV* solutions, whence the result. □ 

Lemma 10.10. Using the notations o f Lemma \10.9\ de fine 

E^{T,m) := mm{E^f \x,Lu) : x S [»7j-,m W> »?",m WD 
Ej{T,m) := ma.yi{Ef^\x,uj) : x G [??j-,™(t), ry^-^^M]} 
m = 1, . . . ,TOo. Then one has 

(10.6) Ej{t, m) - E^{t, m) < 2t 

(10.7) 7^1^{t) - r4„(r) < exp(- logr" V(logiV)^) 

Proof. The estimate (|10.6p follows from part (ii) of Lemma 110.91 The bound (|10.7p follows from Rela- 
tion (|10.6p due to Lemma [2. 171 (which is the analogue of Wegncr's estimate). □ 

Now we obtain the main result of this section. It allows one to control the graphs of the eigenvalues in 
terms of slopes and separation properties up to the removal of certain sets. 

Proposition 10.11. Assume that L{lj,E) > 7 > for all lu G (uj'.uj") and all E G {E',E"). Given 
5 <^ 1 <^ A there exists Nq — No{V,c,a,'f,6,A), such that for any N > Nq, and arbitrary exp{—N^) < 

T < exp(— (log A^)"^) there exist Bn,uj, B'pf ^ ^n,<^{t),Bn,ui{t) such that, with fi^'' and s'"^^^ as in Defini- 
tion Wll[ 

(1) 

mes {Bn,uj) < exp(-(logiV)^), compl(SAr,„) < 

(10.8) . . ,„ 
mes {B'^J < exp(-(loglog7V)^), compl(e' ^) < exp((loglog7V)^/2) 



as well as 

mesiSNA^)) < exp(-(logT-i)(log7V)-^), compl(£jv,^(T)) < 

(10-9) 1 ^ ^ 

mes(Sjv,^(T)) < exp(-(logT-i)(logA^)-^), compl(Sjv,^(T)) < 

(2) If for some lo E Tc^a \ ^iv^j o.n-d x (£ T one has 

spec {H[_^^N]{x,u;)) n {{E\E") \ (f U £n,M))) 7^ 0, 

then X G T\{Bn,^ U 6^^^ U Bn,M)) 

(3) For LO G Tea \ one has 

(10.10) \E^^^\x,uj)-E^^^\x,u;)\ > exp(-iV^) 

for any ji ^ j2, provided E^^"^ (x, lu) G (E', E") \ En.u, s = 1, 2. For lu G Tc,a \ ^^jv'' "'^^ ^'^^ 

(10.11) \E^^^\x,Lu)~El^\x,Lu)\>exp{-{\ogN)^) 
for any j, ^ h, provided Ef\x, uu) G [E' , E") \ £^^l, s = 1, 2 
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(4) For LU G Tc,a \ ^^tv'' ^'^^ \9xEj^\x,uj)\ > r , provided 

Ef\x,u;) e iE',E")\{£l^lu£MAr)) 

Proof. In this proof we do not distinguish between _ff[_jv,Ar] and i/[_jv,A']- This is justified by the results 
of this section which demonstrate that the smaU "fattening" parameter ctjv can be ignored. Set 

Bn^lu ■■= {x eT : spec {Hn{x, uj)) D £n^^ ^ 0} 

S^v,c. {a^ e T : spec (Hjv(x, c^)) n E'^^^ + 0} 

where s'^-^^ — En,u U E'^q ^ as in Definition 19.111 Then conditions (|10.8p hold for Bn.uj, ^'n u "^^^ 
Lemma [2. 171 fthe analogue of Wegner's estimate). Using the notations of Lemma II . 1 01 set 

BnAt) ■■= U {E,{2T,m),E^{2T,m)), BnA^) U (?7;,„,(2r), r,;;„(2r)). 

Then conditions (|10.9p follow from Lemma 110.101 Property (2) holds due to the definition of the sets 
involved, whereas (3) is due to Proposition llO.il Finally, property (4) is due to Lemma [10.91 □ 

Remark 10.12. For future reference we note that in addition to (l)-(4) of Proposition \10.11\. the fol- 
lowing property holds due to Corollaru \9.1(][ For any lu G T^^q \ fi^'' and any x € T, any £^ -normalized 
eigenfunction tpj^\x,u!) of H[_]yjy^{x,uj) with associated eigenvalue Ej^\x,uj) e R\f^'|^ satisfies 

\^/jf\x,uj){n)\ < Cexp(-7dist(n,Aj-)/2) 
for alln G [~N,N] where Aj := [vf\x,uj)-£,i^f\x,uj)+e] n [-A^, A^] with I = (logAr)"*^. 

11. Segments of eigenvalue parametrizations and their translations 

In this section we discuss the segments of functions Ej^\-,uj) and establish a self-similar structure of 
these functions with regard to the shift by u. The later property is based on the finite volume localization 
of Section [SI and should be considered as a precursor to the co- variant property of Sinai's function from 
Section[T3| Let Bn,uj,Bn.uj{t) be as in Proposition llO.llI Set rjv = exp(— (log A^)^), B ^ A, and 

Bn,ui = ^/J'cj U BisiA'^n), ^7V,L ^N,ui U B'fq ^ 

There exist intervals [^J,, ^^'], < ^[.^j. A; ^ 1, . . . , fco, < such that 

l<fc<fco 

Set 

To point here is that we add all very short "good intervals" into the bad set. This does not increase the 
measure of the bad set too much. Indeed, 

mes{B'},A < exp(-(logA^)^), compl(6^,^) < A^^ 

We denote by [xf.,Xk], fc = 1, 2, . . . , fci, Xk < £fe+i the maximal intervals of T\i3^^. Recall that due to 
Proposition 110.111 

(11.1) \dxE^-^\x,u)\ > TN for any xe [j [x^.,Xk] 

i<fc<fci 

We summarize the properties of the intervals [x^,, Xk] (including those mentioned in Remark ll0.12p in the 
following lemma. 

Lemma 11.1. Let uj e Tc,Q\il^''. There exists intervals [xi^,Xk] {depending on w), k — 1, . . . ,ki, X/. < 
Xk+i such that 

(1) \d,Ef\x,u;)\ > exp(-(logA^)^) for any a; G [J [xj,, xj-] and any 1 < j < 2A^ + 1 

l</c<fci 
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(2) for any x <E IJ [nui^k] and any j there exists iyj^\x,uj) G [—N,N] such that 

l<k<ki 

\^j'^\x,uj,n)\ < exp ( - i^^j^\x,uj)\) 

provided \n — h'j^\x,uj)\ > 

(3) mes(T\ U [£^,5.]) < 3exp(-(logiV)^) 

i<fe<fci 

(4) fci < 

(5) Xk-Xk>exp{-{\ogN)^'^), k^l,2,...,ki 

Definition 11.2. We refer to each triplet {Ej^\x,U!),Xi^,Xk}, j = 1,...,2A^ + I, k = l,...,ki as 

a segment of Rellich's parametrization, or just a segment of E^^K If dxE^^\x,ijj) > 0, respectively 

dxEj^\x,U!) < 0, for any x G [xk^^k] then {E^j^\x,uj),Xi.,Xk} is called a positive-slope, respectively 
negative-slope, segment. We also refer to these segments as I-segments provided the open interval / C M 
is the range of the segment, i.e., I = {e''-^\x,lu) : Xi.<x< Xk}- 



m 



Remark 11.3. Let {Ef^\x,uj) , be a segment. Recall that due to Proposition \T0A1\ one has 

particular 

\E^p{x,uj)-E^^\x,Lo)\>eM-N') 

for any ji ^ j . Since V is analytic one infers from this and standard perturbation theory of Hermitian 
matrices that the function Ej^\-, •) admits an analytic continuation to the polydisk 

V := {{z,w) e : \z - e{x)\ < ro,\w - ujI < ro} 
where tq := C{V)~^ exp(— A^"^). Moreover, 

snp\Ef\z,w)\<CiV) 

V 

Note that the same bound holds with the stronger estimate (|10.11[) instead of the weaker one (|10.10[) . 
albeit with S > arbitrarily small (simply because of the stronger bound). For many applications below 
the weaker bound suffices, and we have chosen to use it for the remainder of the section. The reader will 
have no difficulty replacing it with the stronger one (|10.1ip whenever the need arises. 

We now turn to translations of the segments. For this purpose we are going to impose the condition 
(ff.2) -N + N^ <vf\x,uj)<N~-Ni 

which guarantees that the window of locahzation is separated from the boundary of the box [—N, N]. 
Lemma 11.4. Using the notations of Proposition pO] assume that 

dist{E^/\x,Lj),£N,u) >2exp(-iV*), -N + N^/^ < iy^^^\x,u;) < N ~ N^/^ 

Then for any k such that -N + < t']^^(a;, w) + k < N - there exists a unique Ef^\x + 

kbj,bj) £ spec (iJ[_jv.Af](2; + fccjjLj)) such that 

(11.3) \Ef\x,Lu)^E^^^\x + ku;,u;)\<exp{-^2N'/^) , 

(11.4) \dxEf\x,cu)~dxE^^^\x + kiu,iu)\<exp{-j2N'/^) , 
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as well as 



(11.5) E\^\x + kuj,Lo)iE_ 



jk 



(11.6) \v^^^\x + kLo,Lo) ~ {iy^j^\x,uj) + k) \ <7Vi/V4 , 

(11.7) -N + N^/'^/A < vf^\x + kuj,uj) < N -N^^^/A , 

(11.8) |V'jf^(a; + fcw,TO) - Vj^^(a;,m + fe)|^ < exp(-73iVi/2) 

|m+fc-iyj"'(x,i.j)|<JVi/2/4 

where jt = 2^*^^ji. 
Proof. Note that 

H[-N,N]{x + kuj,uj){i)''^\x,uj, ■ + k)){m) = H[_N,N]{x,uj){ip'j'^\x,uj.)){m + k) 

— E^^\x,Lo)ip''-^\x,uj, k + m) 

provided —N < m + k < N and —N <m < N. Recall also that \iIjj^\x,uj, ±N)\ < exp(-73iVi/2), since 

+ < l^f^ {x, LU) < N- jjgjj^g 

(11.10) {H[^N,N]{x + kuj,uj)~Ef\x,uj))^f\x,oj,- + k) < exp{-jiN^/^) . 

Therefore, there exists E^^^^x + fcw,w) e {E^j'^\x,io) - exp{~j5N^/'^), E^j'^\x,uj) + exp{-j5N^^'^)) . 
Moreover, due to our assumptions on E^^\x,uj), one has Ej^\x + kuj,uj) ^ EN.t^- Hence, 

(11.11) \E\^\x + kuj,uj)- E^'^\x + koj,oj)\ >exp(-iV'') 

for any j' ^ jk- Relations pTg)) - (|11.10p combined imply (fTT3)) . Relations pXS)) . pTB)) follow from 
(|11.3p . The estimate (Ill.Sp follows from (jll.lOp and (|11.11[) via the spectral theorem for Hermitian 
matrices. Finally, (lll.4p follows from the well-known "Feynman formula" (or first order eigenvalue per- 
turbation formula) 

N 

d,Ef\x,oj)^ J2 V\x + iu;)\i;f\x,u;,e)\' 

and the preceding estimates. □ 
We now illustrate how to relate the localized eigenfunctions of consecutive scales. 

Lemma 11.5. Using the notations of Proposition \7.1\ assume that uj £ Tc^a \ {p^N U ^n'^, where N' x 
exp((loglogiV)^i), C'l > C, and with Q = exp((loglog7V)<^). // 

Ef\x,u;) i £n^^, dist{Ef\x,u;),£N',u) > exp(~(7V')i/') , 

then there exists v G Z, |j/ — h'j^\x,LL!)\ < Q and 

Ef^ {x + vuo, e {E^^ {x, uj) ~ exp(-7i7V'), Ef^ (x, uj) + exp(-7i7V')) , 
where 71 = C7, 7 = inf _L(_B, w). Moreover, the corresponding normalized eigenfunctions 

ipj'^\x,U!,k), ijj^y \x ^ vbj,u,k ~ v) 

satisfy 

(11.12) ^ \i}f\x,u,k)-i}f'\x + vuj,uj,k-v)\^<exp{-^iN'). 
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Proof. Assume first — + iV' < iy^^\x,Lu) < N ~ N'. Then with = i^j^-* (x, cj) one has: 

(11.13) \\{H[,^N'..+N']{x,Lo)~Ef\x,Lo)),pf\x,L,,-)\\<eM-lN'/A) , 

(11.14) 1- J2 \^f\x,io,k)\^<exp{~-fN'/4) 

ke[v-N' ,v+N'] 

due to Proposition [73] Hence, there exists 

Ef'\x + vuj,uj) e {E\''\x,u)-eM-liN'),E\''\x,uj)+eM-liN')). 
Moreover, due to assumptions on E^^\x^lo)^ one has E^^ \x + vuj,uj) ^ Sn'.uj- Hence, 

(11.15) \Ef\x + iyuj,uj)~E[^'\x + j^uj,uj)\ > exp{~{N')^) 

for any k ^ j' . Then pi.l3p - pi.l5p combined imply pi.l2p (expand in the orthonormal basis {V-"!^ ■*}*:)■ 
If vf \x,uj) < -N + N' (resp., i^^.'^\x,lu) > N - A'), then (fTTT^ - pTTC]) are vahd with i^^.'^\x,lu) = 
-N + N' (resp., with j/]^'(a;,w) = Af- A^')- D 

Recall that Vj^\x,uj) is stable under perturbations of iJ[_Ar_jv] (2;, w) of magnitude exp(— (log A^)'-^). 
Since some of the interval are definitely of a larger size, condition ()11.2|) can hold on some part 

of and fail on another one. For that reason we consider also all the triplets 

{Ef\x),x,x} 

with [x, x] being an arbitrary subsegment of some [xi, xi], k — 1,2, ... , ki. 
Definition 11.6. A segment {Ej^\x,uj),x,x} is caHerf regular if the condition 

(11.16) - A^ + A^^ < z/j^^(a;,t^) < A^- A^ 
holds for every x € [x, x] . 

The condition (jll.l6p . which requires the associated eigenfunction to be properly localized inside of 
the base interval [— A^, A^], will play a central role in this paper. It ensures stability of resonances as one 
passes from one scale to the next. 

12. Formation of Regular Spectral Segments 

The section is devoted to the comparison of the zeros in energy of each entry of Mi\[{e{x), oj, Eq). Recall 
that these entries are are determinants /[^ jv-b](e(a;), cj, i?) where a,b — 1,2. The main theme will be to 
single out a "good case" characterized by each determinant having a zero very close to Eq (we refer to Eq 
as a unconditional spectral value at scale N in that case, see Definition 1 1 2 . 21 below) . The significance of 
this idea lies with the induction in the scale; indeed, in passing from [1, A^] to [—N, N] with A^ = A^*-^ we 
shall see that if Eq is an unconditional spectral value at scale A^, then it remains very close to the spectrum 
at the larger scale A^. Furthermore, this will be the crucial vehicle for constructing regular segments as 
introduced in Definition lll.6[ see Proposition 112.61 below which is the main result of this section. With 
the notations of Section [TUl define 
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where 57 at, Bn,uj, ^A^^ '^^L same as in Proposition 110.11] and E^^"^ be as in the previous section. 

In the following lemma, we begin with the comparison of the spectra of the entries, as indicated in the 
previous paragraph. 
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Lemma 12.1. Using the notation from above, one has the following: 

(1) Let UJ G Tea \ ^N, and xq (1 T \ Bn,uj- Then 

min [dist(spec (i/[i,Ar_i] (xo, w)) , E^j^^ {xq, w)), dist(spec (iJp.A'] (2^0, i^)) , E^^'^ (xq, uj))] 
< ro exp(-7V(logiV)"^") 
provided N is large. 

(2) Furthermore, let tq — e^^ where < (5 <C 1 is arbitrary but fixed and assume that N > 
No{V,a,cnJ)- If 

(12.1) max [dist(spec (i?[i,jv-i](a;o,w)),i;]^^(a;o,w)),dist(spec (77[2,Ar](a;o,cj)),£;j^'(a;o,cj))] < ro, 
then 

(12.2) dist{spec{H[2,N-i]ixo,uj)),E^j^\xo,uj)) < ri 
where ri = ^ . 

(3) Finally, assume that to G Tc.a \ and xq E T \ B^j^^. Let ro = exp(— (log A'^)"^) with some 
constant A. Then (fT2l1) implies "with ri = e-('°g^)'*^' for N > Na{V,c,a,A). 

Proof. Let £'0 = Ej^\xo,uj). Then fN{e{xo),uj,Eo) = f[i^N]{e{xo),uJ, Eq) — 0. Since 

(12.3) - /[i.Ar](e(xo),c^,-Bo)/[2,Ar-i](e(a:;o),^,^^o) + /[i,Ar-i](e(a;o),cj,i;o)/[2,Ar](e(xo),t^,-Bo) = 1 
one obtains 

f[i,N-i]{e{xo),u;,Eo)f[2^N]{e{xQ),uj,EQ) = 1 

In particular, 

inin(|/[i,Ar-i](e(a;o),w,£;o)|, |/[2,Ar](e(a;o),w,£;o)|) < 1 
Assume, for instance, that 

l/[i,JV-i](e(a;o),c^,-Bo)| < 1 
Then, due to Corollarv l2. 201 with 77 = exp(-A^(log A^)^*^"), one has 

(12.4) {Eo-v,Eo + v)(^spec{H[i^N^^{xo,Lu)) ^ $ 
This proves (1). Assume now that in addition to (|12.4p one has 

(12.5) (£;o"ro,£;o + »-o)nspec(iJ[2,Ar](xo,c^)) 

where ro = e"^'' where < (5 is small and fixed. Let £'j°'^ ^' (x, uj),j — 1,2,... stand for the eigenvalues 

of H[a,N-b]{x,uj), a = 1,2, 6 = 0, 1. Due to and ^TB, there exist i;]^'^"^' (xo, w), Ef;'^\xo,uj) 

such that 

\E'^;f-'\xo,u;)-Eo\, \Eff\xo,u;)-Eo\<ro 
Due to Corollary [731 one now has 

(12.6) /[i,^](e(xo), c^, E) = iE- e'^^^;''^ (xo, u;))xo(e(a:o), to, E) 

(12.7) /[i,jv-i](e(xo),c^,i?) = {E - Eff-^\xo,oj))xMx^).to,E) 

(12.8) /[2,w](e(xo,c^,i?) = [E-Eff\x„,Lo))x2{e{xo),u,E) 

where Xk{z,oj,E) is analytic inI?(e(xo), r2)xI?(£'o, r2), r2 x exp(— Af''/'^), withcj being fixed, Xk{z,oJ,E) ^ 
for any [z,E) £ X'(e(xo),r2) x X'(£;o,r2), k ^ 0, 1,2. Moreover, 

(12.9) NL{Eo,iu) - N^/^ <log\xk{z,u;,E)\ < NLiEo,Lu) + N^/^ 

for any {z,E) G X'(e(xo), r2/2) x X'(i;o, r2/2). It follows from (fTT3)l and (fl^ - p2J)) that 

|/[2,w_i](e(xo),c^,£;)| < \E ^ Ef^'''\xo,uj))\-' eM- NL{Eo,Lo) + 2N'/^) + 
^ |0(i?)| |i? - Eff\xo,co)\-' \E - £;]^'^-^l(xo,c.)| \E - i?]^'^l(xo,c.)| exp(iVL(£;o,c.)) 
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for any \E - Eq] < ^2/2, where 

9{E) e-^^(^'"-)xiX2/xo 

and satisfies the bound 

exp {-3N^/^) < \0{E)\ < exp(3iV*/^) 
Clearly there exists \Ei — Eo\ < 2ro such that 

\E, - 4J'^l(xo,c.)ri \E, - Eff-'Hxo,u;)\\E, - Eff\xo,u;)\ < 2ro 

So, 

\f[2.N-iMxo),L^,E,)\ < exp{NLiEo,L^) - N' + ION'/^) 
Due to Corollarv l2.201 one has with 77 = exp(— A^"^/^), 

(£■0 -ri,Eo + r/) n spec {H[2,n-i] (2^0, t^)) 7^ 
and we are done with case (2). Case (3) is completely analogous. □ 

The following definition introduces the crucial notion of an unconditional spectral value. 
Definition 12.2. Using the notation of Lemma \12.1\ assume that with tq = , 

(12.11) max [dist (spec (i7[i^jv^i](a;o, w)) , £;]f ^ (xq, w)), dist(spec (iJ^^Ar] (xq, w)) , E'jf ^(a;o, w))] < ro 

In this case one says that Eq :— Ej^\xq,uj) is an tq -unconditional spectral value of H[i ]^^{xq,uj). Let 

{Ej^\x,uj),x,x} be a segment of a Rellich graph. Assume that for any x G E^^\x,uj) is an tq- 

unconditional spectral value of Hi^i i^]{x,u!). We call this segment an tq -unconditional spectral segment 
of the Hamiltonian iJ^^.w] (', '^)- 

Note that by (2) of Lemma ri2.1[ each entry has a zero in energy which is close to Ej^\xo,uj) in case 
the latter is an unconditional spectral value. The importance of the unconditional spectral values lies 
with the fact that they are stable with regard to the induction on scales procedure. In other words, the 
unconditional energies at a small scale will turn out to belong to the spectrum (or rather, be close to 
it) at the next larger scale. This process can also be reversed: we will show later that the conditional 
spectral values die out when we pass to the next larger scale. The corresponding analysis appears later 
in this section when we discuss property (NS) which stands for "non-spectral" . 

Corollary 12.3. Under the assumptions of Lemma \12.1\ one has the following: There exists Nq = 
Nq{V, c, a, 7, S), or respectively, Nq = No(V, c, a, 7, A) so that the following holds for all N > Nq: Assume 
that Eq = Ej^\xq,lu) is an rQ -unconditional spectral value of H\^ijq^{xQ,uj). Then 

(12.12) \og\\MN{e{xQ),w,EQ)\\ < NL{Eq,lu) - N^/^ 
or, respectively, 

(12.13) log||A/jv(e(xo),c^,So)|| < NL{Eo,iu) - (logTV)^/^ 

Conversely, assume that (|12.12p {respectively, (|12.13p ) holds. Then Eq is an rQ-unconditional spectral 
value of Hyi pf^{xQ,ijj), with r'^ := exp{—N^^^) (respectively, Tq :— exp(— (logiV)"^/"^) ). 

Proof. Inspection of the proof of Lemma 112.11 establishes the direct implication. Assume that (|12.12p 
holds. Then 

log \f[a,N-b] {e{xQ), u;,E)\< NL{Eq, oj) ~ N"^ 

for any a = 1, 2, and b — 0,1. Due to Corollarv l2.20[ one has with r/ = exp(— iV''/'^), 

{Eq -r],EQ + rj) n spec {H[a,N~b]{xo: w)) ^ 

for any a = 1, 2, and 6 = 0, 1. Due to Definition 112.21 this means that Eq is an rp-unconditional spectral 
value for H[i^n]{xq,uj). The case of p2.13p is similar. □ 
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Recall that for any x £T, E eR, and any integers TV- , TVf , i = 1,2 such that N[ < < < Nl 
one has 

(12.14) I \og\\M^M[,N'^^{e{x),u:,E)\\ - \og\\M^N^^M-Mx),u:, E)\\\ < C{V,E)max{N^ - N[,N^ - N^) 

Combining ()12.14p with Corollary 112.31 implies the following important stability property implied by the 
concept of unconditional spectral values. Note that this fails if at least one entry does not have a zero 
close to Eq. 

Corollary 12.4. Using the notations of Lemma \12. 1\ assume that Eq is an rQ-unconditional spectral value 
of H[i^i^^{-,Lu). Then for any -~{logN)^ < N' < l< N < N" < N +(logN)^ one has 

dist{speC {Hljy, ^N"]{X0,UJ)) , Eq) < 

where Tq := exp{—N^^^) , respectively Tq :— exp(— (log A^)"^/**). 

To continue the analysis of unconditional spectral segments we will use the avalanche principle expan- 
sion as in Proposition 19 . 61 for the following logarithm 

(12.15) log\f^_j^j^^{eixo),u;,E)\ 

where < N < N^'^, E g 'D{Eo, tq), and N, xo, Eq are as in Corollary 112.41 We arrange the expansion 
so that one of the intervals, say Ak„ = [nko,nkg+i], will obey the following condition: 

(12.16) - (log Nf <nk„<l<N< n^.+i <N+ (log Nf 

Due to Corollary 19.81 one can assume that ni etc. are adjusted at scale t := (logN)'-^/^ relative to 
I?(e(xo), ri) X I?(i?o,ri), ri :— exp(— (logiV)"^). Finally, one can assume that 

(12.17) N < min(nfe+i - Uk) < N + (log Nf 

k 

Set 

Bn,i^ ■= U 13n',uj 

N<N'<N+{logN)'^ 

N<N'<N+{logN)C 

The notations of this paragraph will be used in the following lemma and proposition. 

Lemma 12.5. Using the notations of Corollary \12.4\ assume that Eq is an rQ-unconditional spectral value 
of -H^[i.jv]('j'^). Assume that G T \ Bn^^^ (respectively G T \ S^^^ ). Then for any \x — Xq\ < C^^rQ 
each entry of the matrix 

^Ko,n.o + l](e(2:),^,-) 

has exactly one zero in the disk I?(_Bo,7'o). Furthermore, 

(12.18) ^./,_„,(e(.),.,)(i?o,r(;)>l 

where Tq = WqV'^'^ ■ 

Proof. The first part of the statement follows from Corollary 112.41 and Proposition 110. 1 H Due to Propo- 
sition [2111 one has 

(12.19) J(log|/[_^_^](^o,wo,-)l,£^o,n,r-2) > J{\og\f[n^^^n,,^^^]{zQ,ujQ,-)\,EQ,ri,r2) - 0(Vn") 

for any {tq)^/'^ < fi < ('"o)^^'^' ^2 = ?'i/4. Since a;o G T \ Bn,uj (respectively G T \ B^^\ ) one can pick 
ri so that /[„^^_„^^^^](zo,cJo, ■) has no zeros in P(i;o, 2ri) \ I?(£'o, ri). Then 

(12.20) 4r?r2-2^(log|/[„,^,„,^^j(zo,^o,-)l,i?o,ri,r2) > 1 

(|12.19P combined with (|12.20p imply (|12.18p via Lemma [ill □ 
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Using the notations of Definition ! 1 2 . 21 assume that Eq is an ro-unconditional spectral value of -ff[i,jv] {^o^ 
Assume also that xo S T \ Bn.u (respectively, xo € T \ b'"^^^ ). Due to Lemma [11.11 there exists a segment 
{Ej^\x,Lij),x,x} such that the following conditions hold: 

(i) xoe[x,xl (m) \x-x\>eM-ilogr^Y). ^| > exp(-(logro i)^) 

where 1 <C -B. Set x^ :— max(a;o — C~^rQ,x), xi := min(a;o + C^^rQ,x). The following proposition is the 
main statement concerning the formation of regular spectral segments. 

Proposition 12.6. Using the above notations assume for instance that {Ej^\x,Lu),x,x} is a positive 
slope segment. Then for any xi € [x^^Xi] \ Bj^ ^ {respectively, x\ G [xijXi] \ ^ ) ^''^d, any a € 

[—■^N,^N] there exists a positive slope regular spectral segment {Ejf^\x,uj),x' ,x'} of H^_j^j^^{x,uj) such 
that the following conditions hold: 

(1) xi £ [x',x'], 

(2) |x'-x'|>exp(~(logroi)^), 

(3) \Ef\_x,u)~E^^^\x,co)\<{r')l^\ 

(4) \d^E^/^\>eM-{^ogr^Y), 

(5) a- N < i^^f^ {x, Lj) <a + 2N. 

Proof. Let a = 0. Due to Lemma [12.51 one has 

dist [ spec (i?[_iv,iv] i^^ ^)) . ^if ^ i^^ ^)] ^ '^o 

for any x G [i^ij^i]- Assume that xi S [Sijici] \ Bj^ ^. Due to Lemma 111. II there exists a segment 

{E^^\x,uj),Xi,xi} such that conditions (1), (2), (3) hold. Condition (4) follows from (3) combined with 
{Hi) and the Cauchy estimates for the derivatives. Condition (5) follows just from the definition of the 
center of localization and the first part in Lemma [12.51 For arbitrary a £ [—jN, |iV] the argument is 
similar. □ 

We now turn to the investigation of conditional spectral values. For technical reasons we formulate 
this property in the following way which does not require Eg to be a zero of the first entry of Mj^; in fact, 
it will be convenient to also state this at scale £ rather than N. (NS) here stands for non-spectral, which 
refers to the fact that Eq will be separated from the spectrum of HN{e{x),uj) (up to shifting the edges) 
uniformly in x, see Proposition 1 1 2 . 1 Ol 

Definition 12.7. Let fig, be as in Lemma \ 6.Sl Let lo £ Tc.a \ U € [0,1], and 

Eq £M, \ S^^e- By condition {NS) we mean that at least one of the Dirichlet determinants 

fli,e]{e{xo),uj,-), /[i,£_i](e(xo), w, •), fi2^i]{e{xo),uj, ■), f i2,£^i]{e{xo), uj, ■) 
has no zeros in 'D{Ef),rd), ro ;= cxp(— ^*), where < S 1 is a parameter. 

Similarly to CoroUarv 112.31 one now has the following statement. 
Lemma 12.8. Assume that condition {NS) holds. Then 
(12.21) £L{Eo,io) - <log\\Me{e{xo),Lu,E)\\ 

for any — i^ol < fo/2. Conversely, assume that (jl2.2ip holds for any — £'o| < 7'o/2. Then condition 
{NS) holds with rg replaced by Tq := exp(— i'^*). 

Proof If (|12.2ip fails for some \E ~ Ea\ <ra/2, then 

log|/[a,^-6](e(.To),c^,£;)| < eL{Eo,Lo)-f' 
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for any a 



1, 2, and b 



0, 1. Due to Corollarv l2.20[ one has with r/ ;= tq 
{Eo -ri,EQ + r))n spec (-ff[a.£-f,] ixo,^^)) ^ 



for any a = 1, 2, and b = 0,1, contrary to the assumptions of the lemma. For the converse, let us assume 
that some determinant f[a,i~b] is{xo), uj, ■) has a zero at Ei, where \Ei — i?o| < ^o- Just as in the proof of 
Lemma 112.11 it follows that 



In the following corollary we show that {NS) has a natural stability property. 

Corollary 12.9. Assume condition {NS). Then for any -(^ <£'< 1 <£<£"<£ + £\ at least one of 
the Dirichlet determinants 

/[£'+i,«"](e(a;o),t^, •)> (e(a:o), ^, /[r+2/"] (e(a:o), w, /[£'+2,f"-i] (e(a:o), t^, •) 

has no zeros in T>{EQ,r'f^), where r^ :— exp(— ^'*''). 

Proof. For any x, E, and any integers N[,N'^ , i = 1,2 such that N[ < N'^ < N!{ < N[' one has 

(12.22) |log||M[jv;,Jv;'](e(a;),S)|| -log||A%^,^^'](e(a;),£;)||| < £;) max(7V^ - 7V{ , iV{' - iV^) 

Hence, the estimate (|12.2ip is stable under such changes to the length of the monodromy matrix as long 
as the change is much smaller than £'^^ . In particular, this holds with a change of size £^ as stated in the 
corollary. □ 

The following proposition proves that conditional spectral values die out when we pass from scale £ 
to a larger scale N. Clearly, this is of great importance as it ensures that our inductive procedure 
can be carried out with unconditional spectral values Eq rather than conditional ones. The relevance 
of the unconditionality property here stems from Proposition 112.61 which shows that at larger scales 
eigenfunctions with eigenvalues close to Eq are localized away from the edges of the underlying interval. 
If this were not so, then these eigenfunctions would not be stable when passing the next larger scale. We 
note one disadvantage of the following proposition: for each x it gives a choice of four determinants. We 
will subsequently see that periodic boundary conditions can be used uniformly for all x. This is the reason 
whey periodic boundary conditions appear in this paper at all. 

Proposition 12.10. Let Eq be arbitrary. Assume there is an interval {xq,Xq) with Xq — Xq > £-^1'^ such 
that for any xq £ {xq,Xq) condition (NS) holds. Then for any \E — Eq\ < ro/4 and any x £ T, and 
N > £'^ at least one of the Dirichlet determinants 



has no zeros in V{E,r'^), where r'^ exp(-iVS''). 

Proof. Let |£'-i?o| < ro/4 be arbitrary. Note that (A^S") holds on the disk ro/4) for any € {x'f^,x'i!^). 
Let a; e T be arbitrary. We invoke once again the avalanche principle expansion (|9.3p . Let £'^ < N < £^^ 
be arbitrary. By CoroUarv 112.91 one can pick l<a<£^,N — £^<b<N, and arrange the avalanche 
principle expansion so that the following conditions hold: 



log \f[a.i-b] {e{xQ),u;, •)! < £L{Eq,u;) - £^' 
Consequently, if each entry of M£(e{xo),U!, •) were to exhibit such a zero, then 

£L{Eo,iu) - £^^ > log||Af,(e(a;o),c^,£;)|| 



which is a contradiction. 



□ 



f[i,N]{e{x),uj,-), f[i^N-i]{e{x),LJ,-), f[2^N]{e{x),uj,-), f[2,N~i]{e{x),uj, ■) 



t 



(1) [a,b] = U Afc, Afc = [uk + l,nk+i] 



(2) for any fc = 1, . . . , i — 1 there exists — nfe| < £^ , such that x + n'f^uo e {x'q, Xq) 

(3) \nk+i - Uk -£\< 2£^ 

(4) ni,...,nt are adjusted to V{e(x),ro/C{V)) x V{E,rQ/2), ro = exp(-£'') at scale £^/^ 
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In item (4) we used Corollarv l9.81 whereas for (2) we invoked the dynamics: since uj G '^c,a^ for any x G T 
and any s' E Z, s' > there exists s' < s < s'^ such that 

(12.23) \\x-suj\\<l/s 

In view of (l)-(4) we can apply the zero count of Proposition 19. 6[ the crucial observation here is that due 
to CoroUarv 1 1 2 . 91 one can pick the edge points nk so that f[nk+i,nk+i]i^i^)j^j ') zeros in 2?(-E, r'g), 

where Tq := exp(— In conclusion, 

t-i 

i^fi^,^(e{x).^uj,)i^.r'o/2) = 5I''/["fc+i.».+ii('=(^).'^.-)(^o,?-o/2) = 

This means that (NS) holds for the entries of M^^^b] (e(a;), uj, •) on the disk rg/2) for all x £ {x'q, Xq). 
By Corollary II 2 . 91 one can now replace [a, b] by [1, A''] whence the proposition for the range £^ < N < f^". 
For arbitrary N > P one can use an induction argument. Indeed, by the preceding any xq € {x'q, Xq) has 
the property that {NS) holds for the entries oi M[-yj^(i^{e{x),uj,-) on the disk !?(£', r^^^), with TV^^^ := t 
and :— exp ( ~ {N^^'^Y). Therefore, one can apply the very same argument with N'-^^ in the role 
of ^. □ 

We now discuss the relation between the unconditional Dirichlet spectral values and the periodic 
spectrum. For this purpose, recall the following relation from Proposition 13.31 and 13 . 71 which follows from 
properties of the trace: 

(12.24) \og\gN{e{x),Lu,E)\^log\\M2N{e{x),u;,E)\\-log\\MN{e{x),Lu,E)\\]+0{eM~i^ogNf)) 

provided HA^t^'ll < ko(V^,c, 0,7) and E € C\£x, where £x C C, mes(£a;) < exp(— (logTV)^). Here 

( p) (p) 

gN{e{x),uj, E) := det{Hj^ — E) with H)^ {x,uj) the Schrodinger operator on [1, A^] with periodic 

boundary conditions, and 

gN{e{x),uj,E) = {MM{e{x),uj, E)) - 2 
The reason for considering periodic boundary conditions is as follows: note that Proposition 1 1 2 . 1 01 shows 
that under the (NS) condition at scale t, for each a; G T it is possible to "wiggle" the boundary of [1, N] 
slightly so as to ensure that the corresponding entry has no zeros in a disk of energies. The technically 
unpleasant feature here is that the "wiggling" or in precise terms, the choice of boundary conditions, 
depends on x. However, we will now see that (jl2.24l) implies that periodic boundary conditions achieve 
the desired absence of zeros in E uniformly for all x £ T. 

Lemma 12.11. Assume that for some Xq, Eq and with 2N in the role of £ condition (NS) holds. Then 

(1) j{log\gN{e{xo),oj,-)\,Eo,r) < exp{-{logN f ) for any exp{-N^/^) < r < n := exp{-N^°^) 

(2) iyg^ieM,^,.){E,ri/2) = 

Proof. Since each logarithm involved in (|12.24|) is subharmonic in E, one has 

j{\og\gN{e{xo),LJ,-)\,Eo,r) < j{\og\\M2N{e{xo),u;, ■)\\, Eo,r) + C exp{-{logNf) 

Therefore, the estimate in (1) is due to Proposition [821 Part (2) follows from (1) due to Lemma [4T] □ 

Property (2) in Lemma 112.111 simply says that the periodic spectrum does not intersect the interval 
{Eq,Eq). We record this fact as a separate statement and definition. 

Corollary 12.12. Using the notations of Provosition [T2. 10\ one has with {Eq, Eq) := {EQ—rQ/8, Eo+rQ/8) 

(12.25) spec {H^^\x,Lo)) n {E'q,E'^) = 

for any x E T and any N > £^ provided \\Nu}\\ < Ko(y, 0,0,7). interval {Eq,Eq) is called spectrum 
free if there exists Nq depending on the usual parameters a, c, V, po as well as on {Eq, Eq) such that p2.25p 
holds for any N > Nq with \\Nlu\\ < kq and any x eT. 

The following lemma establishes a crucial dichotomy between an interval being spectrum free and the 
existence of a regular segment. 
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Lemma 12.13. Given a scale £, a parameter < 5 <^ I. and intervals (Eq,Eq), {xq,Xq) with 

E'i -E'o> exp(-(log^)^), 4' -x'o> 

either the interval 

{E', + icxp(-(log£)^), E'^ _ iexp(-(logf)^)) 
is spectrum free, or for any scale f < N < and any jN < a < jN there exists a regular Ii-segment 

{E^^y{x,to),x,,x,}, hc{EiE'^) 

with 

{xi,xi) C {xo,x'^), a-2£< iy^j^\x,uj) <a + 2l 

Proof. Assume that there exist a;o e {x'q,Xq) and 

i?o e {E'^ + iexp(-(log£)^),i?^' - iexp(-(log€)^)) 

such that condition {NS) fails. Then there exists ji such that 

E, := EfX^o.oj) e {E'^ + iexp(-(log£)^), E'^ - i exp(-(log£)^)) 

is an To-unconditional spectral value, where ro :~ |exp(— ^*). Due to Proposition 112.61 for any < N < 
and any jN < a < jN there exists a regular Ji-segment 

{E^^^\x,io),x,,x,}, hc{EiEi;) 

with 

{xi,xi) C {xo,Xo), a~2£< v!j^\x,oj) < a + 2£ 

Fix arbitrary 

(12.26) Eo e {E'^ + iexp(-(log£)^),i?^' - J exp(-(log^)-4)) 

and assume that for any xq € {x'q,x'^) condition {NS) holds. There exists N ^ £'-^ such that |lA''u;|l < kq 
with kq as in Proposition 13.31 Then due to Corollary 112.121 there exists a spectrum free subinterval 
{E' ,E") C {E'q,Eq) containing Eq. Since Eq as in (|12.26p is arbitrary, the statement holds. □ 

To proceed, we need a version of Lemma 111.11 for the parametrization of the eigenvalues of the 
Schrodinger operator with periodic boundary conditions. Let 

be the eigenvalues of El^^j^^ (x, lu). We define segments of the graphs of E'j^'^-' (•, w) via approximation by 
the segments {£'j^^''(a;,a;),Xi,xi}. 

Lemma 12.14. Assume that \\Nuj\\ < kq, with kq as in Provosition \3.^ Then the following properties 
hold: 

(1) Let f 27V '^^ ^"^ Provosition \10.Tl\ with 2N in the role of N . Assume that for some xq, j one 
has 

dist{E^/^''\xo,u;),£^,]^ J > 2exp(-7V^). 
Then there exists an unconditional segment {Ej^^\x,lu),Xi,xi} with xq € such that 

(12.27) \Ef-''\x,Lo) - eI^^''\x,u)\ < eM'N'') 
for any x G [xi,xi] 

(2) Let {^E^'^^\x,Lu),Xi,xi} be a regular segment such that < a;) < on that segment. 
Then there exists Ej^'''^\-,lu) such that l|12.27p holds for all x G (x^jXi). 
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Proof. Due to Lemma [12.111 there exists ji such that (|12.27p holds for x — xq. Note that E^'^^'^\x,uj) ^ 

^2N uj- Hence there exists a segment {i?jJ*^-'(a;,ti;),X]^,a;i}, with xq G (x_-y^x\). Once again due to 
Lemma 112.111 for any x there exists j{x) such that 

(12.28) \Ef-''\x,u:) - Ef^^^{x,uj)\ < exp(-iV2^) 
Recall that for any j ^ ji and any x G [aii, aJi] one has 

(12.29) \E^^''\x,Lo)~Ef^''\x,u;)\ > exp(-(logiV)-4) 

Combining (|12.29[) with (|12.27[) for x — xq one concludes that j{x) = ji for any x G in (|12.28p . 

Thus, (|12.27p holds. It follows from Lemma[T27TT]and (|12.27p that each value e'^^J^\x, uj) is unconditional. 

That proves the first part. To estabhsh the second part, let us note that since jN < h'^'^^\-,Lu) < ^N, 
one has 

ml^X^ix^uj) - El'^''\xuco))i^r\^i,ou,-)\\ < exp(-7iV/8) 
for any xi G {x^,xi). Hence, for any xi there exists j{xi) such that 

|£;]J;^)(xi,c.) - i?j^'~Hxi,c.)| < exp(-7A^/8) 

Let xi = {xi + xi)/2. Then due to the lower bound on the Dirichlet graphs, the last estimate implies in 
particular that 

dist(i?jf;;;)(xi,c^),£« J > 2exp(-iV^) 

Due to first part there exists j2 such that 

|4f;^^)(.i,c.)-£;(^^)(.i,o.)|<exp(-iV^^) 

for any xi G {xi,xi). Due to the separation property of the segments one concludes that j2 = ji and we 
are done. □ 

The following proposition establishes a dichotomy which will be an essential ingredient in our proof 
of Theorem 11.21 It shows that either an interval does not intersect the infinite volume spectrum, or it 
has to contain the graphs of both a positive slope as well as of a negative slope regular segment at all 
sufficiently large scales. In view of Figure 2 this is of course important for the creation of resonances and 
thus also, gaps. As already mentioned before, the regularity of the segments is essential for the rigorous 
implementation of Figure 2. 

Proposition 12.15. Given £ large, a parameter < 5 <C 1, and intervals {Eq,Eq), {x'q,Xq) with Eq — 
E'f) > exp(— (log^)'^), Xq — Xq > £^^/^, there is the following dichotomy: 

• either the interval {E'q+ i exp(— (log^)^), £^q — i exp(— (log^)'^)) is spectrum free 

• or at some scale P < N < there exist a regular positive slope I -segment \^E^^\x,uj),Xi^xi^ , 

as well as a regular negative slope I -segment {^E^^^ [x , lo) , x_2,X2} with I d [Eq,Eq) and {xi,xi) C 
{xq,Xq), with the same I. 

Proof. Assume that the first alternative does not hold. Then, due to Lemma [12.131 one can assume that 
for any i'^ < Ni < £^ there exists a regular /i-segment {E^'^^^\x,lu),x^^xi} with 

/iC(i?^,K), i2li.xi)ciix'Q,x'^), \N,<i.^'^''^\x,u;)<\m 

Since w G Tc,a, one can choose iVi so that || A^iwH < ko{V, c, a, 7). Then due to the part (2) of Lemma ll2.14l 
there exists j such that 

(12.30) isf -^^(x,c.) - Ef^'''\x,u:)\ < eM-^f) 

for any x G {xi,xi). Assume for instance that {E^'^'^^\x,lu)^ is a positive-slope segment. Let 

XI := {x^+Xi)/2, El := Ef^'''\xuuj) 
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Without loss of generality (because of the periodicity) we may assume that xi is close to the middle of 
T ~ [0,1]. Due to the 1-periodicity E^-^''^\o,uj) = E^-^''^\l,uj). Hence, either Ei < E^.^''^\o,u;), or 
El > Ej^'''^\l,Lu). Assume for instance that the latter case takes place. Let 

X2:={xi+xi)/2, E2:^Ef^'''\x2,Uj), E^ -.^ Ef^'''\xi,u) 

Then El + exp((- logTVi)^^) < E2, E2 + exp((- logiVO^-^) < Ei. Hence, 

i?f-^)(l,c.) + exp((-logiVi)3^) < i?f-^)(x2,c.) 

^'^)(a:2,c.) + exp((~logiVi)3^) < sjf '^)(xi,a;) 

Since E^^^'^\- ,uj) is continuous, there exists xq G (xi, 1) such that 

(1) E)^ '{xo,uj) = E)^ '{x2,i^) 



(ii) for any x G {xi,xq) one has i?^-^ ^' {x,uj) > Ej_^ ^' '{x2,(^) 



Note that xq was chosen to be the first point to the right of xi where the graph of Ej^'''^\-,uj) 
hits the level E'^j^^''^\x2,uj). Due to part (1) of Lemma 112.141 there exists an unconditional segment 



{Ej^ {x,uj),X2,X2} with xq G {x2,X2) such that 

(12.31) \Ef'-^\x,u;)~E^l'''\x,u;)\ < exp(-iVf^) 

for any x G (^£21^2)- Because of (ii) above this must be a negative-slope segment. To see this, assume 
that it is a positive slope segment. Note that since \E^^^^^''^ {xo,lu) — i?2| < exp(— A^j') one has 

dist{E^i;^^]\xo,u;),4'lj > exp(-(logiVi)^^) 

Therefore, 

|5,£;jf^)(x,c.)|>cxp(-(logiV)^) 
for any x G [xq'jxJ], where Xq := xq ± exp(— (log A^i)'"'"^). Due to part (1) of Lemma [12. 141 one has 

(12.32) |i?f-^'(x,c.) - eI'/'\x,uj)\ < exp{-Nf) 

for any x G [a;Q In particular, E^^^''^\xq ,uj) < Ej'^''''^\xq,lu) = E^^^'^\x2,oj), which contra- 

dicts (ii) above. Thus, |i?j^^^''(-,cij),a;2,a;2} is indeed an unconditional, negative slope, segment. Apply- 
ing Proposition [T2]6] to [E^^^^^\-,uj),Xi,xi^ and \^E^^^^\- ,uj),x 2^X2} concludes the argument. The case 
, w) is treated analogously. □ 

13. The proof of Theorem 11.31 

In this section we prove Theorem 11.31 on Sinai's parametrization of eigenfunctions. Sinai needed to 
assume cosine-like potentials and his argument was perturbative. Our construction applies to general 
analytic potentials under the condition that L{uj,E) > 0. We derive Theorem 11.31 from the following 
detailed finite volume version. 

Proposition 13.1. Assume that L{llJq, E) > j > for some ujq G Tc,q and any E G {E' , E"). Then there 
exist p^^"^ — p^*^^ (y, c, a, 7) > and Nq = No{V,c,a,^) such that for any N > Nq there exists a subset 
r^AT C T so that for all uj G T^.a n {ujo ~ p^^\ujq + p'-°'')\f2jv there exist Sn.lj C M, Bn^^ C T such that the 
following statements hold: 

(1) mes(rJAr) < exp(-(logA^)^«), compl(r2Ar) < A^^-o 

mes lsN.u) < exp(-(logAr)^«), compl(£jv,a.) < A^^" 

mes(SAr,^) < exp(-(logAr)^"), compl(SAr,^) < N'^" 
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(2) For any x € T\Bn^^ one has 

spec {H^-N,N]{x,uj)) n {{E',E") n 

(3) For any N > N one has 

where 

Sn,u> ■■= [J spec (ff[_]v,]v](a^,w)) 

Furthermore, assume that for some N > Nq, 

a;eTe,„n(a;o-p(°\w(°)+p(°))\ U ^n' 

N'>N 

Then the following further properties hold: 

(4) Let X e T\Bn,u- If some eigenvalue Ej^\x,lo) falls into the interval {E',E"), then there exists 
u^j^\x,u}) e [-N,N] such that 

\tp''j^\x,u,n)\ <exp(- '^\n~ i^^j^\x,u)\) 

for all \n-iy^^^\x,u)\ > N^'"^ 

(5) Set (In ■= Ujv'>jv ^N', Bn,u> ■= U Sn',u>- Let uj e Tc,a\^N and let x e T\Bn,u>, E^^\x,uj) e 

N'>N 

{E',E"). Assume that 

iy^/\x,u>) e [-N + N^/^N-N^^] 
Then for each N' > N there exists Jn' such that 

\E^^',\x,co) - Ef\x,co)\ < exp(-|iVi) 

(13.1) \d,E^^y{x,u) - d,Ef\x,Lo)\ < exp(-|iVi) 

^ exp(-||n- ^'j^^(a;,a;)|) 

for any \n\ < N' , and any N' > N; 

\E^,^P{x,u;) - E^^^;\x,u)\ < exp(-|(iV')^) 
\^i^;;\x, co,n)- ^fj} (a;, a;, n) I < exp(- 1 (AT') ^ ) 
for any \n\ < N', and any N < N' < N" In particular, the limits 

Eix,uj) := lim Ef ',\x,oj) 

tjj{x, uj, n) := Jim tjjj^^ \x,uj,n), n e Z 

exist, 

(13.2) |ii;(x,c.)-£;f ^(x,a;)| <2exp(-|iV5), \i;{x,u,n) - ^P^^\x,u,,n)\ < exp{-l{N)i) 
and J2 \'4'{x,oJ,n)\'^ = 1. Furthermore, 



(13.3) H{x, co)tp{x, LO, ■) = E{x, oj)il){x, oj, •) 

(13.4) lim ^ log(|V'(a;, w, n)f + |V'(a;, oj,n+ = -L{uj, E{x, w)) 

ra— >oo Zn 
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(6) Let CO e Tc,a\Oiv, x G T\Bn,u;, and E^-'^\x,u}) e {E',E"), m = 1,2, ji ^ js- Then 

\E^,^\x,uj) - E^^^\x,uj)\ > exp(-N') 
Let Em{x,uj) he the eigenvalue of H{x,uj), defined in (5) above, which obeys 
\E^{x,u) - E^^\x,u)\ <2eM-^N"^) 

for m= 1,2. Then 

\Ei{x,uj) - E2{x,Lj)\ > ^exp(-7V*). 
If {E',E") = (— oo,+oo), then for each \j\ < N/2 one has an "almost Parseval identity" 
0< l-^|(5,(-),V'm(x,u;, •))!'< exp(-|7V) 

m 

where Sj{-) stands for the S-function at n = j. The collection of all eigenf unctions il)m{x,w,-) 
obtained this way for N, N + 1, . . . form a complete orthonormal system in . 

(7) Let G Tc.a\^N, x £ T\Bn,uj- Let {i/'m(a;, w, •)} be all possible eigenfunctions of H{x,uj) de- 
fined in (5) above for all scales > N. Let Jx.uj be be the closure of the set of the corresponding 
eigenvalues. If E G {E' ,E")\Jx,uj, then {H{x,uj) — E) is invertible. In other words, 

spec {H{x,u))r\{E',E") = .T,,^, 

and the functions ^jj.fn{x,uo,-) form a complete orthonormal system in the spectral subspace of 
H{x,uj) corresponding to {E',E"). 

(8) Assume that v^j'^\x,(j) e [-N + iVV2, N - ArV2]. jn^g^ ^ ^^^^ ^^^^ 

-N + N^^^/2 < z^j^^ {x,u;)+k<N- N'/^/2 

there exists a unique 

^\k ^ (a; + few, w) e spec (if[_jv,jv] (a; + few, w)) 

such that 

(13.5) \e'-''\x,uj) - E^.^\x + ku;,u;)\ < e^p{—fN'/y4) , 

(13.6) E^.^\x + kuj,uj)^SN,u., 

(13.7) \i^^j^\x + kuj,uj) - (i^f \x,uj) + k)\< N^l^/A , 

(13.8) -N + N^/^/A < z/]f ^ {x + kLO,Lo)<N- AT V2/4 ^ 

(13.9) Yl \ip^^\x + kuj,m)-ijf\x,m + k)\^ <e^p{--tN^^^/8) 

|m+fe-iyj"^(x,a;)|<JVi/2/4 

(9) Let u) e Tc,a\^N, xo € T\Bn,u>- Then for any x gT one has 

spec {H{x,uj))n{E',E") = J,,^^ 

In other words, spec (iJ(a;,a;)) fl {E',E") is the same for all x gT 
(10) For any x gT and any N one has 

[{spec{H{x, u)))\Sn,^) U {SnA spec{H{x, w)))] n {E', E") c U -^iv'.o, 

N'>N 
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(11) Ifspec{H{x,uj)) n {E',E") ^ for some x then 

mes (spec(i7 (a;, w))) n {E' , E") > 

IJ{E\E") = (-cx),cx)) t/ien 

mes(spec(iJ(a;,w))) > exp(-(log7Vo)'^') 

Most of the preparatory work needed for the proof of this proposition has already been done in the 
previous sections. We need only few more auxiliary statements. 

Lemma 13.2. There exists Nq = No{V,c,a,j) such that for any N > Nq, oj G Tc,q, E G {E_,^) 
the following property holds: if dist{E,SN,uj) > exp(— iVs), then dist(£', ^) > iexp(— iVa) for any 
N>N. 

Proof. Due to Corollary 12. 201 dist [E,spec{HN{x,uj))] > ^exp{—N^) implies 

(13.10) \og\f[i^NMx),Lo,E)\ > ~ nI 
provided N > No{V,c,a,j). Due to Lemma (113. lOp implies 

|(i/[i,jvi(a^,^) - E)-Hm,n)\ < exp(- JiV) 
for any m,n £ [I, N], \m — n I > Therefore, dist{E, Sn,u^) > 

h exp{—N 2) implies 

(13.11) \{H[N'+i,N'+N]ix,u;) - E)-\m,n)\ < expi-^N) 

for any x e T, N' e m,n € [N' + l,N' + N], \m-n\> Let N <W < exp(iV3). Assume that 

(13.12) -^[i.lv] ") = Eip{x, n) 

Let fi : = max-^^^^;^ \tp{x, n)\. Then, due to p3.1ip and the "Poisson formula" one obtains 



Hence, 



\'i{j{x,n)\ < 2^exp(-^7V), for any n e [1,7V] 



Ai<2Aicxp(-j7V) 



This yields 11 — 0, and thus ip{x, n) — for any n e [1, N]. Thus 

(13.13) dist(£:,5Ar,^) > iexp(-iV^) =^ ^spec(i?j^jYj(x,w)) VxgT 

The lemma follows from (|13.13p . □ 

Lemma 13.3. There exists Nq = NQ{y,c,a,^, A) such that for any N > Nq, uj G Tc,a, E e {E_,^) the 
following property holds: i/dist spec (_ff[]^ jv] (2^1 '^))] 2i exp(— (log A^)'^), then 

(13.14) |(H[i,jvi(a^,^) - E)-\m,n)\ < exp(-L(a;, i;)|m - n\ + (logNf^) 
for any to, 71 G [1, -/V] . 

Proof Due to Corollary [1201 dist [S, spec (Hn{x,uj))] > exp(-(log TV)-^) implies 

(13.15) log\f[,^N^ieix),u,E)\ > L{uj, E)N ~ {log N)^+'' 

provided N > Nq{V, c, a, 7, A). As in the proof of Lemma [01 one sees that p3.15p implies (113. 14p . □ 
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Lemma 13.4. Given e > sufficiently small, there exists Nq — Nq{V, c, a, 7, e) such that for any N > Nq, 
G TTc.a, x G T. E Cz {E_, E) the following assertion holds. Assume that 

(13.16) H{x,Lu)iP{-) ^ E^Pi-) 

for some E and some function i^{n), n G Z. Assume also that 

(13.17) 

Then 
(13.18) 

Proof. Recall that for any a <h 



max IV' (n) I = 1 

1<T1<A' 



min \ log(|V'(n)P + |V(n - l)n > -N{L{uj, E) + e) 

l<n<N z 



(13.19) 



\l^{h + I) 



= Mya,b\{e{x),uj,E) 



^(a-1) 



where M[a,b]{s{x),uj, E). Recah also that due to the uniform upper estimate of Lemma [2.101 for any 
E€ {E,E) 

sup \\Mia,b]{e{x),iu,E)\\ <exp{N{L{u,E)+e)) 

0<b-a<N,xeT 



provided N > Nq — No{V, c, a, 7, e). Since 



lAf-^ll = IIMII 



for any unimodular matrix M, one obtains 
(13.20) exp{-N{L{Lu,E) +e)) 



V-(a-l) 



< 



<eMN{L{Lo,E)+e)) 



rp{a) 



for any < 6 — a < A^. Due to the assumptions of the lemma there exist a G [1, N\ such that 



1 < 



V(a) 

vx« - 1) 



< 2 



□ 



Therefore the statement follows from ()13.20p . 

We now turn to the proof of Proposition ll3.1l 
Proof of Provosition [TOl (1) Let ftN,£N,uj be the subset defined in Lemma [6?2l Let uj G Tc,a- Set 
Bn,u. = {xeT: spec {H[-n,n] [x, uj)) n {E\ E") n £jv,^ 7^ 0} 

The subsets ,£n.utBn,u satisfy properties (1), (2) of Proposition [THH 
(3) Clearly, Sn,u} is a union of (2A^ + 1) closed intervals. Set 

£'n.^ ^{EeR:E<^ 5Ar,^,dist(S,5Ar,^) < exp(-7V5)} 

Note that mes {£'j^ ^) < N exp{—Ni), compl(f^ ^) < TV. With some abuse of notation we denote 
the set £n,ui U £n',lj as £n,uj- Clearly £n,lj obeys property (1) of Proposition 113.11 Due to 
Proposition 113.21 property (3) of Proposition [TSTTl holds. 



(4) Let e\^\x, uj) G {E', E") for some x G T\Bn.uj- Then due to LemmaOthere exists v''l^'{x, uj) G 



-N, N] such that 



\Tp^f^\x,uj,n)\ < cxp(-^|n - i^]^" (x , uj)\) 



provided \n — h'^-^\x,uj)\ > N^. So, part (4) of Proposition [T01 is valid. 
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(5) Let Lu eTc.a\^N, X eT\ Bn.,<^. Assume i'^j'^\x,uj) £ [-N + , N - N^]. Then due to standard 
perturbation theory of Hcrmitian matrices, for each N < N' < N there exists an eigenvalue 



Ej^ \x,Lu) of H[_^rpfi](x,uj) such that the estimates (113.11) hold. Assume that x (z T\B 
Then (|13.ip applies for any N' > N. Therefore the limits 

E{x,iu)^ Imi E^'^'Xx^u) 
il;{x,uj,n) = lim ip'',^\x,uj,n), nGZ 



N,t 



exist, relations (|13.2p . (|13.3[) hold and 
(13.21) ^\^|;{ 



x,uj,n)\'^ 



{13.22) 



Pick A^i e Z so that N x (logA^i)^. Since uj G Tc^a\^N, x G T\ Bn^^j due to Proposition 
(applied with t = 2N) one has with A=4B 

dist [E^^^'^\x,uj),spec{H[3N,N,]{x,uj))] > exp(-(log7Vi)^), 
dist [E^^^'^\x,to),spec {H[^N„~3N]{x,^))] > exp(-(log7Vi)^) 

That implies 

dist [E{x, uj), spec {H[3N,N^]{x,uj))] > exp(-(logiVi)^), 
dist [E{x,uj),spec{H[_Ni-3N]{x,uj))] > exp(-(log7Vi)'^) 
Due to Lemma [13.31 relation p3.22p in its turn implies the following estimates 

\iH[3N,N^]{x,uj) - E{x,u;))-\m,n)\ < cxp{^L{u;, E{x,Lo))\m - n\ + (logiVi)^^) 
\{H[_N^.-3N]{x,u;) - E{x,uj))-\m,n)\ < eM-~L{u;, E{x,iuj)\m ~ n\ + (logiVi)^^) 
for any m, n in the corresponding interval. Let n be arbitrary such that 

(logiVi)^^ < \n\ < Ni/2 
Applying Poisson's formula to ')Jj{x, oj, n) one obtains 

\^{x,u,n)\<e^p[^ L{uj,E{x,u)){\n\-iN - {XogN^f^)] 
+ e^p[-L{u,E{x,u)){N^-\n\-{\ogNif^)\ 
<e,qy[-L{uo,E{x,uj))\n\{l-o{l))\ 
as n oo. This estimate implies 

(13.24) limsup-!-log(|-!/;(a;,w,n)|^ + |^(x, n + 1)|^) < -L{uj,E{x,uj)) 

n — >QO 

Note that using the above notations one has 

max |^(x,Ci;,n)| > 1/A^ 

|ji|<A' 

since \4>{x,uj,n)\ is normalized. Thus, in view of Lemma 113.41 

min -\og(\i;(x,uj,n)\^ + |V'(n - l)p) > -N(L{uj,E)+e) 

-N<n<Ni 2 

provided A^i > iVo(y, c, a, 7, e). Hence 

liminf -!- log(|?/'(a;, w, n)p + \'ilj{x,uj,n + 1)^) > -L{uj, E{x,uj j) - e 

n^aa 2n 

Since e > is arbitrary 

liminf -^\og{\^ {x,uj,n)\^ + |V'(a;,u;,n+ 1)^) > -~L{w,E{x,lu)) 
ji^oo 2n 
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Thus 

lim —log{\ij{x,oj,n)\^ + \ij{x,oj,n + l)\^) = -L{uj,E{x,uj)) 

n— >oo Zn 



Similarly 



lim ^log(|7^(x,w,n)|2 + |V'(a;,w,n + l)n = -L{uj,E{x,uj)) 



as claimed. 

(6) Let uj e Tc.a\^N, X G T\6jv,^. Assume that e\'1\x,uj) £ {E',E"), and 

i^^.^\x,io) e [-N + N^^N ^ N^], m = l,2 
Then due to Proposition 17. II one has 

(13.25) \eI^\x,u;) - E^^^\x,u;)\ > exp(-7V^) 

Let Em{x,uj),iJm{x,uj,-) be defined as in (5) for — jm, m — 1,2. Then, from (|13.2p and (|13.25p . 

(13.26) \Ei{x,uj) - E2{x,uj)\ > ^exp{-N^) 

If {E' ,E") = (—00,00), then part (5) is applicable to each eigenvalue E^^\x,uj), provided 

(13.27) vf\x,uj) (^[-N + N^,N - N^. 



Furthermore, let 'ipj^\x,uj, •) be all eigenfunctions of i/[_^_^](x, w) with 

-N + N^ < v^.^\x,Lu) <N -N^ 

Let iprn{x,uj, ■) be the eigenfunction defined in part (5) for j — jm where 1 < j < toq 2A^ + 1. 
Let 4(-) be the delta-function at n = fc, fc e [-N + 4N^^^, N ~ 4N^^^]. Clearly, one has 

|(4,^r^(.T,c.,.))| <exp(-7iVi/V2) 

for any j with ^'j^^(a;, w) ^ [—N+N'^^'^, N-N^^"^]. Since {V']^'' (a;, w, •)}|^;^*'"^, form an orthonormal 
basis in the space of all functions on [—N, N], one has 

nifl 

< 1 - ^ \{Ski-),i'mix,u;, •))!' < exp(-^7V^) 

m— 1 

(7) Let Jx^uj be the closure of the set of all eigenvalues Em{x,Lu) of H{x,lu) defined in (5). Let 
Eq & {E',E"). Assume ctq := <i^st{Eo, Jx,uj) > 0. Then due to the definition of the eigenvalues 

Em{x, Lo) one has for any N > Nq 

min^^lEo ~E^j^\x,uj)\ : eI^\x,uj) £ {E' , E" ) , {x , lu) E [-N + N^N-N^^ ><to/2 

Let ifiin), n G Z be an arbitrary normalized £^(Z) function supported on some interval [—T,T]. 
LetN>2T. Then v]-^^(x,cj,-))| < exp(-A^2/3) any j with z^j^' (a;, tj) ^ [-N + N^^^,N- 
N^/^]. Hence, 

^ |((^,Vf^(x,c.,.))P>l/2 

u^"'>{x,oj)£[-N+N^/^,N-N^/^] 

Expanding ip{-) in the basis {ipj^\x,uj, ■)}^^^^ one obtains 

\\{H[_N^N]{x,Lo) - Eo)cpf > {l/2){ao/2f 

Hence 

\\iHix,u;) - Eo)ipf > {l/2){ao/2f 
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Since Lp here is arbitrary one infers that 

d\st{H{x,uj),Efi) > (To 

Thus part (7) holds. 

(8) Part (8) is due to Lemma [TOl 

(9) Given x, let Ai (x, TV, s) be the collection of all m such that the eigenfunction ^A]^' (a;, lj, •) defined 
as in (5) obeys 

-N + sN^ <iyf\x,Lu) <N-sNi, s = f,2,3 

Let Jx,ui,s be the closure of all eigenvalues Em{x, tu) defined in (5) for all N and m ^ A4{x, N, s). 
Then just as above one has spec{H {x , ui)) n {E',E") = Jx.ui.s- On the other hand, fix G T 
\Sn,iaj, and take arbitrary k such that —N/2 < iyj^\x,Lu) + k < N/2. Let x — xq + kuj (modi). 

Then xo,x e T \ B2n,lj- Due to part (8) and part (5) for each m £ A4{xo,2N,3), there exists 
m' e M{x, 2N, 2) such that 

Eff\xo,u;) - eI';\x,u;) < eM-N'^') 

Hence Jxo,u,3 C {E : dist(i;, J^,^,2) < exp(-iVi/3)}. Thus 

Switching the roles of xq and x in this argument implies Jxo.lj = Jx.u provided 

a;o G T \ Bn,lj, x — xq + ku (mod 1) 

for some |fc| < N/2. Since Bn',uj C Bn^^j for N' > N the claim is valid for any x = xo + kuj (mod 1) 
with arbitrary k. Given arbitrary x' and p > 0, one can find k such that with x = xo + kuj (mod 1) 
one has \x' — x\ < p. Then 

spec(iJ(a;',w)) C {E : dist {E , spec{H {x , u))) < p} 

and 

spec{H{x,Lu)) C {E : dist spec iJ(a;', t^;)) < p} 
Since spcc(iJ(a;, a;)) = Jxo,lj, and p is arbitrary, one has spec(i?(a;', lj)) = Jxq.uj- Thus (9) is valid. 

(10) Part (10) follows from (7) combined with part (3). 

(11) If spec(iJ(a;, uj)) n {E' , E") ^ for some x, then J^„,„ n {E' , E") ^ for some e T \ B^,^ with 
some N . Therefore, using the notations from the proof of part (9) one has 

Jx^,^,i^{E' ,E")+% 

Hence Ef^^ [x^^iS) e {E',E"). It follows from Proposition [lOJJJ that Sn,lj n {E',E") contains 
an /-segment, |/| > exp(— (log A^)*^). Due to part (10) this implies 

mes(spec(i/(x,u;))) n {E',E") > exp(-(log A^)'^)/2 

which proves the first claim of (11). The second claim (11) is implicit in the argument leading to 
the first part and we are done. 

□ 

Before we proceed with the proof of Theorem 11.31 we make the following remark which we will use in 
the proof of Theorem ll.il It follows from inspection of the proof of assertion (7) of Proposition [T3TlJ 

Remark 13.5. Let uj G Tc,a\^^iVi, cco G T \ Bni,uj, Eq G R, and let ao > be a constant. Assume that 
for any N2 > Ni there exists N > N2 such that 

(13.28) min[\Eo~Ef\xo,io)\ : E^ {xo,l^) £ {E' , E"),,.^ ixo,io) € [-N + N^ N - N^] > ao 
Then for any x €z T one has Eq ^ sj>ec(H (x , uj)) . 
To proceed we need the following general statement. 
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Lemma 13.6. Let w e T^^^- Given a; e T and N ^ Z, N > set 

u{x,co,N) := mill lla; — fwll 
tez,\t\<N 

Let < a < P < I be arbitrary. There exists Nq = No[c,a,a,P) such that the following statement holds: 
Let X gT, and x ^ wZ (modi). Assume that \\x — tiu!\\ < exp(— for some ti G Z, \ti\ > Nq. Then 
there exists s > ti such that for any s/4 < si < s holds 

exp(-s'') < ij,{x,uj,si) < exp(-s") 

Proof. Given arbitrary A^o set {TZ here stands for "recurrence" ) 

1Z{x,uj,No) :={t€Z: \t\ > No,\\x - t(j\\ < exp(-|f|'')} 

If t' G TZ{x,u},Nf)) and t G Z, \t\ < \t'\, t ^ t', then ||a; — tw\\ > \\x — t'u)\\ provided A^o is large enough. 
Indeed, otherwise 

\\{t-t')iv\\<2exp{-\t'f) 
and \t' — t\ < 2\t'\ which contradicts the condition co G Tc,a- Hence for each t' G TZ{x,lo,Nq) 

M(ar,w,|f'|) = \\x-t'u\\ 

Assume first that 'TZ{x, oj, Nq) consists of a single integer ti. Let T := \ti\. Note that ^{x, u),T) > since 
x^ujZ (modi). Set s := [(log/i(a;, w, T)"!)^]. Then 

s>[|ti|°]>4|ii|=4T 

because of a < /3. Let t G Zhe such that T < \t\ < s. Since ti is the only element of TZ{x, co, N) one has 
t ^TZ{x,LO,N). Hence, 

ll-T - tuj\\ > cxp(-|t|'^) > exp(-s^) 

If \t\ < T, then due to the definition of ii{x, uj, T) one has 

\\x-tuj\\ > fi{x,uj,T) > cxp(-(s + 1)") X exp(-s") 

Since ij{x,uj,T) = \\x — tiOj\\ x exp(— ,s") one concludes that 

exp(— s'-^) < ^{x,Lu,si) < cxp(— s") 

for any T < si < s. Since T < s/4, the lemma follows in this case. Assume now that there exist at least 
two points in TZ{x, ui,N), viz. ti G TZ{x,u},No), i = 1,2, t\ ^ t2. We can assume that \ti\ < \t2\ and also 
that 

\t2\ =min{|t| ■.tGTZ{x,LO,No)\{ti},\t\ > \ti\} 

Then 

\\{ti — t2)i^\\ < 2 max II a; — tiU!\\ = 2||a; — tiu!\\ 

i 

since 

||a; — tia;|| = ii{x,w, \ti\) > n{x,co, \t2\) = \\x — t2i^\\ 
Since u G Tc,a, that implies in particular 

\t2 -ti\>\\x- tiu\\-^/^ > exp{-^\tif) 

provided A'o is large enough. Hence 

\t2\>l\\x-t,u;\\-'/'>^f,{x,iV,M-'/' 

Define T and s just as before. Then 4|ii| < s < |i2|. Moreover, if jiij < jtj < s, then t ^ TZ{x,ijj,Nq) due 
to our choice of <2- Therefore, one can just repeat the argument from the case TZ{x,lv, Nq) = {ti}. □ 



76 



MICHAEL GOLDSTEIN AND WILHELM SCHLAG 



Proof of Theorem ] 1.3[ We will follow the notations of Proposition ll3.1l Set 

fl ^N, B^:^ f| |J (^w,,, + M (mod 1) 

N>No N>Nq \k\<N 

where 

Bn,u e T : dist(a;,SAr,^) < exp(-iVi/^)} 

These sets are decreasing and it follows from part (1) of Proposition 113.11 that they are of Hausdorff 
dimension zero. Moreover, The set Buj is invariant under the shifts x ^ x + muj, m e Z. Let 

Due to part (11) of Proposition 113. ll mes (S/.,) > 0. Due to part (5) of Proposition 113. ll for any any 
X G T\Buj eigenfunctions ijjj{x,uj, •), j = 1, ... are defined, 

^ lim -^log(|V;,(x,c^,7V)p + |V',(a;,u;,7V+l)H = -L(a;,i?^-(x,u;)) 

and functions tpj{x,u!,-) form an orthonormal basis in £^(Z). Moreover, the eigenvalues Ej{x,oj) are 
simple. Let i?o G K be arbitrary. Assume that there exist x{k) E T \ B^j, I < k < ko G Z+ U {oo} such 
that 

(i) for each k there exists j{k) such that Eo ~ Eji^k){x{k)) 

(ii) the orbits T{x{k)) are all different, i.e., for any fci ^ k2 and any t E "L one has x{k2) ^ x{ki) + 
tuj (mod 1) 

To finish the proof of the theorem we have to evaluate fcg. There exists N^) such that x{k) e T \ Sjv,ij for 
each 1 < fc < fcg and all N > Nf). It follows from parts (5) and (6) of Proposition 113.11 that for each k 
there exists jk such that —N + < i^^^^ {x, uj) < N — and 

\Eo~E^^^\x{k),u;)\<eM~N'^') 
Fix arbitrary k. Due to part (8) of Proposition 1 1 3 . 1 1 for each s e Z with 

-N + N^ < i^!j^\x,Lu) + s <N~ 
(we call these s admissible in this proof) there exists jk.s such that 

(13.29) \Eo - E^^l{x{k) + suj,uj)\ < exp{-N^/^) 

Set Zk^s '■— e{x{k) + slo). Due to (|13.29p and CoroUarv 12.201 there exists Qk.s & 'D{zk.s,exp{—N^/^)) such 
that /jv(Cfc,s, -Eq) = 0. Recall the following estimate (see Remark 14.51) 

(13.30) Mn{uj, E, 1/2,2) -.^ i2N +l)-^i^{z : z e Ap„, fNiz,uj, E) ^ O} < C{V) < oo 

Assume that fcg > C{V). Then there exist ki ^ k2 and admissible si,S2 such that Cfei.si — Cfc2,s2; 
\zki,si - Zk2,s2 \ ^ exp(-iVi/3). Hence 

(13.31) ||x(fci) - x{k2) - s{ki,k2)Lu\\ < exp(-iVi/3) 

with some s(fci,fc2) S |s(fci,/c2)| < 2A^. Due to Lemma [13.61 either there exists A^i, depending on 
{x{ki) — x(k2)) such that for any t > Ni 

\\x{ki) - x{k2) - tuj\\ > cxp(-i^/^) 

or there exists N > Ni, t e Z, \t\ < N/A such that 

exp(-7Vi/^) < ||a;(fci) - x{k2) - tuj\\ < exp{~N^/'^) 

Recall that N' < N" implies that Bn",lj C Bn',lj- Therefore, due to the argument which leads to (|13.3ip . 
one can assume that the latter case takes place. Hence, we can replace relation (|13.3ip by the following 
one 

(13.32) exp(-7Vi/3) < ||x(fci) - ^(fcz) - s{ki,k2)oj\\ < exp{-N^^'^) 
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where \s{ki, k2)\ < iV/4. Since x{ki) G T\Bn^^, due to part (5) of Proposition II 3 . II there exists a segment 
{E^^^\-,uj) ,Xi,Xi} such that x{h) e (x, + exp{-N^^^), x, - exp{-N^/^)) and 

\Ej^kMx{h),Lo) - E^f\xih),Lo)\ < exp(-7iV^) 
i = 1,2. Note that due to part (5) of Proposition 113. II we can also assume that 
(13.33) W^^^\x{h),u;)\<N/4 
i = 1,2 since otherwise we can just replace by TV' = 27V. Set 

x{ki) := x{k2) + s{ki,k2)uj (modi) 
Then x{ki) G [x^, xi). Since eyip{—N^/^) < \x{ki) — x{ki)\ one has 

\E^^\x{k^),oj) - E\'^\x{k,),oj)\ > exp(-27Vi/3) 
On the other hand due to part (8) of Proposition [TXT] and since \s{ki, k2)\ < N/A 

\E^^\x{k,),oj) - E^^^\x{k2),u;)\ < exp(~7Vi/2) 

Since Ej^^.-^-f{x{ki),LL)) = £"^(^2) (2^(^2)1 w) we arrive at a contradiction. Thus feo < C{V). If V{e{x)) is a 
trigonometric polynomial then C{V) < 2 deg(V^(e(-))) due to Remark 14.51 □ 

14. Elimination of triple resonances 
The goal of this section is to eliminate u with the property that for some a; G T and some < m < m' 
^^^^^ \E^"\x + mu;,u;)^E^;\x,u;)\<e 

\El:^\x + m'co,co)~El^\x,u;)\<e 

with three distinct jo,ji,j2- Of course it will be important to specify the mutual sizes oi n,m,m' and e. 
Unlike the previous elimination machinery based on the resultant of two polynomials from Section \E\ 
the elimination here will be based on the implicit function theorem; this in turn will require the lower 
bound on the slopes of the Ej^\-,uj) that was obtained above at the expense of eliminating a small 
set of energies. Note that there is no hope of eliminating the situation described by (114. ip unless the 
Ej^\x, Lo) truly depend on x (for example, if the potential is constant ~ this is of course excluded in our 
case since we are assuming positive Lyapunov exponents). We have chosen to present the elimination 
process "abstractly" at first, i.e., without any reference to the Ej^\ Later we will apply the abstract 
elimination theorem, see ProDOsition ll4.7l to the system (|14.ip . We now begin with a number of standard 
calculus lemmas that develop the implicit function theorem in a quantitative way. We use the well-known 
idea of basing the implicit function theorem on monotonicity arguments (this is of course restricted to 
scalar implicit functions). The first lemma is nothing but a careful statement of a quantitative implicit 
function theorem. 

Lemma 14.1. (1) Let f G C^iU) where TZ := (a, 6) x {c,d). A ssume that 
(14.2) inf dyf{x,y)>0, K := sup \d^f{x,y)\<oo 

If f{xQ,yo) = for some {xa,ya) G TZ, then for any 

X e Jq := {xo - Ko,xo + Ko) n {a,b), Ko-=hofJ.K~^, /iq := min(yo - c, d - j/o) 

there exists a unique y = (f>Q{x) G (c, rf) such that f{x,4>o{x)) = 0. Moreover, (po G C^{Ja) and 
supers Jo < K^i-^. 
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(2) Assume in addition that the function f(x,y) admits an analytic continuation to the domain 

(14.3) T^{{z,w) e : dist((z, u>), 7^) < ro} 
for some tq > 0, and obeys 

(14.4) sup|/(z,u;)| < 1 

r 

Then the implicit function (j)o has an analytic continuation to the rectangle U = JqX (— r, r) where 

(14.5) r :=mm{rln^,ro)/8 

Furthermore, f{z, (j)o{z)) = for all z ^ U and sup |(/>o(^;)| < max(|c|, \d\) + tq. 

Proof. Note that for any x € (a, b) one has |/(x, ?/o)l ^ — a;o|. In particular, for any \x — Xq\ < kq 

\f{x,yo)\ < hon 

Given such x consider the case < f{x, yo) < hofi. Since c < yo ^ ho < yo + ho < d, we infer that 

f{x, yo - ^o) < hoU - hofi = 0. 

Hence, there exists a unique y = <j)o{x) G (2/0 ~ ho,yo) such that f{x,(j)o{x)) = 0. If instead ^hofJ- < 
f{x,yo) < then there exists a unique y = 4'o{x) G (yoiZ/o + ^0) such that f(x,(j)o{x)) = 0. It foUows 
from the chain rule that ipo G C^(Jo) and |0o(x)| < Kfi^^; in fact, 

. N dxf{x,(l)o{x)) 
Oy/(a;>o(a;)) 

for all X Cz Jo- That finishes the proof of part (1). To prove part (2) fix an arbitrary xi G Jq and set 
2/1 — 00 (2^1). Due to Cauchy's estimates one has 

\dZf{xi,yi+w)\^=o<nlr^^ Vn>0 

Since f{xi,yi) = 0, dwf{xi,yi + u))|„,=o ^ M t^i^ Taylor series expansion for f{xi,yi + w) in the disk 
■D(0, ri), with ri := min(rQ/^/2, tq) yields 

|/(xi,yi +w)\ > firi/2 

for any \w\ — r\. Furthermore, w ^ f(x\,y\ + w) has a simple zero at u; = in the disk \w\ < ri. 
Applying Cauchy's estimate in the z- variable now implies that 

\f{xi + z,yi+w)\ >rlfi^/8, V |z| < r, \w\ = ri 

where r is as in the statement of the lemma. We now claim that 

±f fU^i + z,yi + w)^^^ 

J\w\=ri f{xi+ z,yi+w) 

for all \z\ < r. Indeed, the integral on the left counts the number of zeros f{xi + z, j/i + •) =0 inside the 
disk \w\ < ri and with z fixed. Since there is a unique zero at = in this disk when z = is fixed, 
and since the integral is analytic in \z\ < r the claim follows. By the residue theorem, the sought after 
implicit function is given by 

1 / fw{z,yi+w) 
T~ r ^~F7 ] — -dw^(j)o{z) 

for all jz — a;i| < r. It is analytic and has all the desired properties. Covering all of Jq with such disks we 
obtain 00 on U by the uniqueness of analytic continuations. □ 

The next lemma is a slight variant which does not require vanishing at a point but only smallness. We 
of course reduce the latter case to the former. 

Lemma 14.2. Let f G C^{TZ) be as in the previous lemma and suppose /i and K are as in (114. 2p . Assume 
that |/(a;i, yi)\ < e for some {xi, yi) G TZ and < £ < /ii/i where hi :— min(yi — c,d — yi)/2. Then 
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(1) for any x G Ji {xi — Ki, Xi + Ki) D (a, b) with Ki :— hijiK ^ there exists a unique y — (t)i{x) £ 
(c, d) such that f{x,4>i{x)) — 0. Moreover, 01 G C^(Ji) and 

sup \(j)'i(x)\ < K^j.-^^ 

Ji 

(2) for any x G Ji and any y G (c, d) \ (0i(x) — e/i^"'", ^1(2;) + £/i^^) one /las > e 
Assume in addition that f admits an analytic continuation to the domain (jl4.3p and obeys condition 
(|14.4p . T/ien admits an analytic continuation to the rectangle V := Ji {—r,r) with r as in (|14.5[) . 

One has sup |0i(z)| < max(|c|, \d\) + ro and f{z, (j>i{z)) — for all z ^ V. 

zev 

Proof. Assume for instance that < f{xi, yi) < e. Since c < yi — hi < d, we conclude that f{xi, yi^hi) < 
£ — jihi < 0. Hence, there exists a unique iji G (yi — hi, yi] such that f{xi, yi) = 0. By Lemma [14.11 with 
{^0^1/0) ■— {xi,yi) there exists a C^-function (j>i{x) defined on the interval 

J2 := {xi - kq, Xi + kq) n (a, b) 

with 

Ko ■■= ha^iK^^, /lo = min(yi -c, d-yi) 

such that f{x,(t>i{x)) = for any x G J2- Moreover, sup^jgj^ I0i(^)l — Kfi^^. Note first that 

ho > min(j/i — c,d — yi) — hi ~ hi 

by construction. So, 4'i{x) is defined on the interval Ji. Clearly, \f{x,y)\ > e for any a; G Ji and any 
y G (c, d) \ {(t>i{x) — e^~^ , (j)i{x) + e^'^). That proves the first part of the statement. The statement 
about the analytic continuation of 4>i follows from part (2) of Lemma 114.11 □ 

We can now combine these local lemmas with a covering procedure to obtain a global result. It is 
a quantitative version of the following qualitative statement: suppose / = /(x, y) is smooth on some 
rectangle TZ and dyf 7^ on 7?,. Then the set where |/| < £ in 7?. with e > small is covered by a 
union of neighborhoods of the (local) graphs {x,(j)[x)) where f{x,(j){x)) — 0. Figure 3 shows a possible 
form of the set Uf{h,e) appearing in the following proposition (indicated by the shaded areas). The big 
rectangle is TZ and the two horizontal dashed lines are at heights c+hi and d — hi, respectively, defining a 
smaller rectangle. Note that due to the fact that f{x,y) is increasing in y, the dashed areas cannot have 
any a:-projection in common. Also, they cannot "die" inside of the smaller rectangle due to the previous 
lemmas (implicit function theorem). Hence, they can only end on the boundaries of the smaller rectangle. 
Also note that while each of the two shaded areas is defined by graphs over x, they are not graphs over y. 
However, we can cut them up into finitely many graphs over y, see below. 

Proposition 14.3. Let f G C^(7^) and fi, K be as in ()14.2p . Given < hi < {d — c)/4, and < e < hi/j,, 
there is a sequence of pairwise disjoint intervals {Ji}YLi (^1^)7 with (provided they are arranged in 
increasing order) 

min I Ji| > Ki hifiK~ 

2<2<m — 1 

and satisfying the following properties: 

(1) for each 1 < i < m there exists (f>i G C^{Ji) such that 

fix,Mx))^0 VxgJ., sup\(t>[ix)\ < Kfi~^ 

xeJi 

(2) the set 

Uf{hi,e) := {{x,y) e ia,b) X {c + hi,d-hi) : \f{x,y)\<e} 



satisfies 



Uf{hi,e) C y 5^(0j,£Ai ^) 



where for any a > 0, 

Sx{4>i,<^) := {{x,y) : X e Ji, y e {4>i(,x) ~ (T, 0j(a;) + ct)} 
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Furthermore, assume in addition that f admits an analytic continuation to the domain (114. 3p and obeys 
condition (jl4.4p . Then for each i the function (pi admits an analytic continuation to the domain 

% = {z = x + iy : x e Ji, \y\ < r} 

with r as in (jl4.5p . and f{z, 4>i{z)) — Q as well as \(l)i{z)\ < max(|c|, \d\) + for all z £%. 

Proof. By Lemnia ll4.21 for each (xi, yi) S hlf{hi, e) there exists an interval J(xi, yi) :— Ji and a function 
y — 4>i{x) as described in that lemma. This defines a collection 

C := {J{xi,yi)}(^x^^y^)(=Uf(hi,E) 

Suppose J(a:i, j/i), J(ii, 2/1) S C have a nonempty intersection and let (f>i and (fii denote the functions 
associated with J(xi,yi) and J(ii,yi), respectively. Then 

(/)i(a;) = (^i(x) y X e J{xi,yi) n J{xi,yi) 

due to the monotonicity of y t—i- f{x,y). Define an equivalence relation on the intervals in C as follows: 
J, J € C are equivalent iff they can be connected by a chain of pairwise intersecting intervals in C. Then 
we find the Ji in the statement above simply by taking the union over all intervals in an equivalence 
class. The are well-defined by the aforementioned uniqueness property of the graphs. The analytic 
continuation statement follows from Lemma [14.21 □ 



Figure 3. The set Uf{h,e) 



In view of (jl4.ip we will need to apply the previous proposition to a system \ f{x, y)\ < e, \g{x, y)\ < s. 
More precisely, we wish to eliminate a small set of y so that this system fails for every x assuming suitable 
lower bounds on dyf{x,y) and dyg{x,y) (one of these derivatives will need to be much larger than the 
other). We shall proceed by ehminating x from the system \ f{x,y)\ < e, \g{x,y)\ < e. Note that this 
cannot be done on the basis of Proposition 114.31 alone as we will need to invert each function y = (j)i{x). 
This will of course not always be possible. However, by a Sard type argument we will be able to remove 
a small set of y (in measure) so that the inversion can be carried out for the remaining y. 

The precise formulation of this procedure is given by Proposition 114.61 below. We start with the 
following lemma, which is a quantitative version of Sard's theorem. 

Lemma 14.4. Let (j) he a real-valued function defined on the interval {a, (3) which admits an analytic 
continuation to the domain 

5 = {z G C : dist(z, (a, (i)) < r} 
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for some r > and satisfies sup |(/'(^)| < q for some q > 0. Then, given < (5 < ^ there exist at most 

s 

n < 12r"i(/3 - a + r) log(qr"M"^) 
disjoint intervals Ij C (a, (3) such that 

(14.6) W{x)\>6, Vxeijlj 

j 

(14.7) \<f>'{x)\<2S, yxeia,P)\[jI, 

j 

In particular, 

(14.8) / \cj,\x)\dx<26{f3-a) 

j 

Proof. Let xi e {a, (3) be arbitrary and define (ai,/3i) :— {xi — ^,xi + |). By a standard covering 
argument, it suffices to consider (q;i,/3i) in the role of (a,/?). The function (j)' is analytic on T>{xi,r) and 
due to Cauchy's estimates satisfies 

max \(b'(z)\ < 8qr^^ 

■D(xu7r/8) " - 

Assume first that there exists Ci g T>{xi,r/8) such that 

(14.9) |(/.'(Ci)| > 2S 

Then, due to the standard Jensen formula (|4.ip applied to (l>'{z) ± (5 in the disk I?(Ci, 3r/4) one obtains 

#{zeI?(Ci,r/4) : (/.'(z)±<5 = 0}< J log {(i + ^re{0)) ± S\d0 - log \cj,' {Ci)\ 

< log{8qr-^ +6)- log(2(5) < log{5qr-^S-^) 

< 2log{qr-^6-^) 

Hence there exist at most 

ni < 2log{qr-^S-'^) + 1 < 3log{qr-^6-^) 
disjoint intervals Ij C (q;i,/3i) such that 

\<l>'(x)\>5, yxe\Jlj 

j 

|0'(a;)| <<5, V.Te (ai,/3i)\U/j 

j 

If condition (|14.9p fails then 

\(P'{x)\<26, Vxe (ai,/3i) 
which finishes the proof. □ 

Remark 14.5. In Lemma^IJ^we set up S as a "dimensionless" quantity in the following sense: consider 
the scaling (l)\{x) := X~^(j){Xx) for any A > 0. Clearly, (f)'^ scales like A° which is what we mean by ()14.6p 
and thus S, being scaling invariant. Note, however, that q scales like which explains why the qS^^r^^ 
term inside the logarithm above is scaling invariant (which of course is necessary) . The somewhat strange 
scaling comes from the context of the implicit function theorem. Indeed, let f\(x,y) := f(Xx,Xy) which 
simply means that we homothetically scale the rectangle TZ to X^^TZ. Then the implicit function y — 4'{x) 
scales precisely as (j)\{x) above. It is instructive to check our "abstract" results in this section against this 
scaling. For example, in Lemma \l4-.1\ both K and /i scale like X, whereas (j)Q scales like A° as required by 
the estimate \(j>Q{x)\ < K^^^. We will keep all "abstract" results in this section scaling invariant. 

We are now able to formulate the aforementioned "a; = ipiu)" version of Proposition 114.31 In Figure 3 
this corresponds to removing those pieces from the two shaded areas where the graphs defining the 
boundaries have horizontal tangents. 
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Proposition 14.6. Let f(x,y) be a real-valued function defined in TZ — (a, 6) x (c, c?). Assume that f 
admits an analytic continuation to the domain (114. 3p and obeys condition (jl4.4p . Let ii, K be as in (jl4.2p . 
Apply Proposition \14-.3\ to f with parameters hi,e as specified there, and let (pi be the resulting functions 
defined on the intervals Ji, 1 < i < m. Fix an arbitrary 

(14.10) 0<5<-^, r = min(r3^^ro)/8, g := max(|c|, + tq 

or 

see (|14.5p . Then for each 1 < i < m there exist pairwise disjoint intervals 

Ji,j C Jt, V 1 < j < j{i), 

so that for each of these intervals 

is invertible. Denote the inverse by ipij. Then the following properties hold: 

(1) The total number of intervals Jij (and thus of lij as well as of J'^^f. which are defined to be the 
connected components of Ji \ IJ^f!']^ Ji^j ) is at most 

M 12((6 - a)(r-i + k^^) + 2) \og{qr-'^ 5-^) 
where Ki :— hi^K^^. 

(2) there exist no more than 3AL many intervals such that j/^l < 2{b — a)5 + 3ALe^~^ and so 
that with L(f{hi, s) as in Proposition \14-3\ 

m 

(14.11) Ui{h,,e)\ J.,, X C (a, 6) x (Jj, 

i=lj = l ^ 

(3) for any cr > 0, define 

Sy{■^p^J,a) {{x,y) : y € /^j, IV'ij(y) - a;| < ct} 

Then 

(14.12) Z^^(/ii,e)f| ( y y A, X c y y Sy{4'^,,,ed-'^r') 

(4) IV'i j(2/)l ^ for all y G lij and all i,j 

Proof. By Proposition 1 1 4 . 3l for each i the function (pi admits an analytic continuation in the domain 

% = {z = X + iy : X £ Ji,\y\ < r} 
with sup 1 00 (-2)1 5: 9- Applying Lemma 114.41 to each (pi produces pairwise disjoint intervals 

Jij C Ji, 1 <j < j{i) < Hi 

with, cf. (dmni), 

n, < 12{\ J,\r-' + I) \og{qr-^S-^) 

such that 

(14.13) \(b',ix)\ >S Vxe y J,,,, 

(14.14) J \(j)'^{x)\dx<J22\J,\S <2{b~a)S 
Since Ji > ki for all but possibly two i, one has 

m 

^ < 12{{b - a)(r-i + k^^) + 2) \og{qr-^d-^) 

i=l 
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as claimed in property (1). To prove property (2) of the proposition, we define Ii the be the collection of 
all intervals arising as follows: £^~^-neighborhoods of all (t)i{J- f^) (we refer to these as type I), as well as 
^-neighborhoods of each of the two points in (j)i{dJij) (these are type II). By property (1) there are 
no more than M type I intervals, as well as at most 2M type II intervals. Moreover, each type II interval 
has measure not exceeding 2£/i"^, whereas all type I intervals in total have measm'c at most 

^ {\MJU)\ + 2^^"') ^ 2(6 - a)5 + 2Mefi-\ 

i,k 

see (|14.14|) . To prove ()14.1ip . observe from Proposition 114.31 that it suffices to prove the inclusion 

[j [S,iq},,sfi-') \ [j X c (a,6) X [(c,d) \\Jle] 

i=i j=i I 

A point (x, y) belongs to the set inside the brackets on the left-hand side iff either of the following two 
scenarios occurs 

• x€J,\ Ugl Jr,j = Ufc Jlk and \y - < sfi-^ 

• X € Jij and \y - 4)i{x)\ < e^^^ but y ^ lij = (t'iiJij) 

In the first case, y G h where Ii is a type-I interval, whereas in the second case, y G le which is type-II. 
In conclusion, 

S^{4>i,efi''^) \ y J^j X li^j d JiX (c, d)\[Jle 

3 = 1 I 

which yields the desired property by taking unions over the pairwise disjoint J^. On each interval li^j := 
(j)i(Jij) an inverse function tpij — (j)^^ is defined, and moreover 

sup K,(zj)| <<5-i 

from (114. 13p . This establishes property (4). Note that if y G U.j and \y — 0i(a;)| < e/i~^ for some x e J^j, 
then \x — ipi,j{y)\ < e(5~^/Li~^. In other words, in view of Proposition 114.31 one has 

W/(ft.i,e)n (^Jij X I.j'j c Sy{ipi^j,efj.^^6^^) 

which implies property (3) above. □ 

We are now in a position to state and prove the main "abstract" elimination result of this section. It 
will be applied to p4.ip . 

Proposition 14.7. Let f(x,y) be a real-valued function defined in TZ — (a, 6) x (c, d). Assume that f 
admits an analytic continuation to the domain 

T = {iz,w) e : dist((z,w),7^) < ro} 

for some tq > 0, and obeys sup |/(z, w)\ < 1. Furthermore, let g G C^{TZ) be a real-valued function defined 
_ r 

on TZ := (a, 6) x [c' ,d'). Assume that 

fj. := inf dyf{x, y) > 0, p. := inf ^ dyg{x, y) > 

K := sup \dxf{x,y)\+ _^\dxg[x,y)\ < oo 

Set r := min(rj]^2, ro)/8, q max(|c|, \d\) + ro and pick hi G (0, {d - c)/4), di G (0, (J2 G (0, hi^). 
Define Ki :— hifiK^^ , as well as 

(14.15) M := 12((fe - a){r-^ + Kj^^) + 2) \og{qr-^ a^^) 

and assume that 

fi > max [4(1 + K(T^^ir^)M, 2Kai^] 
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Then there exist subintervals {UiYiLi of (c^d) and {Vfe}^°^j^ of {c',d') so that 

(i) fco < ^0 < 3M 

(ii) Eti \Ui\ < 2ai{b-a) + 3Ma2t^-\ Efcli \Vk\ < ^a^ih - a) 

(iii) the intervals Ug only depend on the function f, the rectangle TZ, and ai,a2 

(iv) for any 

ye{c + hi,d~ hi) n (c', d') \\JUiUVk 

£,k 

and any a; £ (a, 6) at least one of the following two inequalities fails: 

(14.16) |/(x,y)|<a2, \gix,y)\<a2 

Proof. We apply Proposition ll4.6l to / with 6 = ai,e := cr2- This produces intervals J,;j and lij as well as 
functions ij^ij defined on lij satisfying properties (1)~(4) in that proposition. First, we define {UiY^'Li to 
be the same as the Ii, see property (2) of the proposition. Hence, properties (i)-(iii) from above pertaining 
to {Ue} follow immediately from Proposition 114.61 To define the Vk, observe the following: by the chain 
rule, for any y g lij n (c', d') 

^5(V'»,i(2/),y) > dygiipi^jiy),y) - \'^pi^J{y)\\^^g{i^^Jiy),y)\ > p-- a^^K > | 

since we are assuming that jl > 2Ka^^. Hence, given /3 > there exists j C lij O (c', d') such that 

(14.17) \ii,\<m-' 

and 

\g{AAy),y)\> P Vye/,,,n(c',d')\^;,, 

Note that we allow for the possibihty that Iijr]{c', d')\I- j = or I- j = 0. Now define the intervals { Vfc}^|Lj 
to be the entire collection {/^'^ n(c', d')}ij (skipping empty I^j), with the choice of /? := cr2(l + ifcrf ^^~^). 
Note that fco < jo and property (i) is done. Moreover, by (1) of the previous proposition. 



by our lower bound on /i. This finishes property (ii) above. To prove property (iv), let 
(14.18) {x,y) e (a, 5) x [{c + hi, d - hi) n [c' , d')\\JUe U Vk 

i,k 

We can of course assume that {x,y) e Uf{hi,a2) for otherwise \f{x,y)\ > (T2- Because of (jl4.18p 
and (|14.1ip . we then have 

(x, y) G Uf{hi,a2) n U U J^.^ ^ (^'^^ \ ^-.) ^ U U ^yi'^^^i 

■i=lj=l J=lj = l 



where the inclusion is (|14.12p . Now note the following: fix i,j so that (a;, y) E Jij x li j. Since \ f{x, y)\ < 

\x - tptj{y)\ < Cr20-j;V"^ 

Hence, 

\9{x,y)\ > \g{tp^J{y),y)\ ~ K\x - ilj^j{y)\ > (3 - Ka2ai^ fi^^ > <T2 
provided we choose (3 — a2{l + Kai^^^^) as before. In the final step we used that 

(x,y)e J.,, x(/,,jn(c',d')\^Ij)- 

But this means that \g{x, y)\ > <T2 assuming (jl4.18p and |/(x, y)\ < (72, and the proposition is proved. □ 
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Next, we apply this result to establish the main elimination result concerning system (I14.1[) . We will 
use the notion of an segment from Definition 1 11. 21 Let ^Ej'^\-,lu),x',x'^ be a segment. In the following 
corollary we will work with the following quantitative properties of segments: 

(a) \d,El"'\-,to)\ > e-™'\ for any x G {x!,x') 

(b) x' -x:> e-™'° 

where < So, 5i ^ 1 are some parameters. Note that these are weaker than the ones implicit in Def- 
inition [TTT21 cf. (|ll.ip . Furthermore, due to Remark lll.3i given x, lu the function Ej"^\-,-) admits an 
analytic continuation to the polydisk 

V{x, uj, m) :— {(z, w) G : |z — e{x)\ < r{ni), \w — uj\ < r{m)} 

where r(m) :~ exp{—m^°). Moreover, 

sup \eI'^\z,w)\<C{V) 

V {x ,LJ ,rn) 

Recall the sets fim, Em.Lo, and £m,uj from Section [TT] (the latter obviously depends on parameters 5q,8i). 
In the following corollary, 

n<m<100n 

Corollary 14.8. Choose ^ > 10, d > 4 arbitrar^ but fixed, as well as Q < < and < 25o < (5i < 

Let N > No{V, po,a,c,j,SQ,Si, A,d, So) be large and set n :— [(logA^)"*]. Then there exist Bj^,Bj[ C T so 
that 

mes (B'J < N-^°, compl(S;) < exp((logiV)i/2) 
mes {B';,) < N-''+^, compl(6^0 < 
with the following property: for all 

LU € T,^a \ (s; u e:; u hn) 

and for each choice of n < ni, ?i2, 713 < lOOn and 1 < ji < 2nj + 1, ? = 1, 2, 3, as well as every 

e"''' <mi< exp{{\ogNy/*), N^^^" < < 27V 

the system 

\E^T\x + rmu;,c.)^ E^;^\x,u;)\ < 
\E^^'\x + m,u;,iu)-E^'^'\x,u;)\<N-^ 

has no solution with each E^j^^\x,uj), Ej^^\x + miUj,Lu), and Ej^^^\x + m2Uj,uj) being the evaluation of 
a segment with the parameters 60, di as in (a), (6) above. 

Proof. For each 

^ e Tea \ f^n, f^n = [J ^n' 

n<n'<lQOn 

we enumerate all possible segments as follows: the set 



[-CiV),CiV)]\ U 



n' ,u) 

n<n'<WOn 



can be written as the union of no more than e^" ^ intervals {E_^ E) of lengths e " ^ (with n large) . Fixing 
such an {E_,E) one obtains no more than e^" ^ many /-segments I-E]" \' , '-^) , m, with n < n' < lOOn 
and I = {E_,E). In total, there are no more than e**"*^ many segments in this enumeration, each of 



'^In what follows, the parameter "o!" is a large number that has nothing to do with the parameter appearing earlier in 
this section in connection with the rectangle TZ. 
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which has slope bounded below by sq :— e^" ^ . Fix three n' in the specified range and denote them by 
ni,n2,n3. In addition, fix three segments from our list which we denote by 

{e^':^\;lu),x„x,}, {Elf{;cu),x,,x,}, {e^^\;u;),x^,x^ 

Let C{V) be a large enough. The functions 

fix, u;) := C{V)-\Ef^^\x + u;, u) - Ef^^\x, c)) 

(14 20) 

g{x,u:) ■.= C{V)-\E^^'\x + m.2u;,uj)-E^[''\x,u;)) 

are defined on rectangles TZf :— {xi,X2) x [u!i,uj2) and TZg :— {xi,X2) x [uj[,ll!2), respectively, where 

X2 — xi>Xo, UJ2 ~ uji > Xi/nii, uj'2 — uj'i > \i I m2 

with Ao e-" , Ai := e"" . This is a consequence of the stability of the segments under perturbations 
in x, uj. 

Via an obvious covering argument, the total number of such rectangles TZf and TZg that we need 
to consider is no larger than (AoAi)~^toi and (AoAi)~^m2, respectively, with mi, m2 fixed (and up to 
multiplicative constants). Similarly, the number of choices of / which we need to consider with mi fixed 
is no larger than e^" ^ (AoAi)^^mi and that of all possible g is no larger than e^" ^ (AoAi)^^m2. Finally, 
summing over all admissible choices of mi,m2 as in the statement yields 

(14.21) F<e4"''(AoAi)-iexp(2(logAr)i/4), G < e^'^'^XoM)-^ 

where F, G denote the total number of / and respectively, that need to be considered in this enumeration. 
Note that by our choice of 5x , one has 

e"""' < exp ((log TV) ^) < N" 

for any £ > provided N is large. We now verify the conditions of Proposition ll4.7l for such a fixed choice 
of /, g living on some pair TZ — TZf , TZ — TZg as above. In the notation of that proposition, 

_ _ 25^ 

'^1 ^ ^ "^iSo ?J ^mi, m2 ?J M ^ 1^230 > v^m2, K < 1, = e " = sq 

where we used that mi,m2 3> s^^. Since rg/i ^ 1, it follows that r = min(rQ/i^, ro)/8 x rp = sq. 
Moreover, due to ro < q < 1, one has ^ 1 so that the condition on cti in Proposition 114.71 turns into 
the harmless < cri < 1. We choose hi := {uj2 — ij-'i)/8 > Ai/mi which implies that ki — hijiK^^ > 
himiso > XiSq. Now set ai = N~'^^° and (T2 = N^"^ which is admissible for Proposition 114.71 bv the 
preceding. Then the constant M from (|14.15p satisfies 

M < Ar^so ^iog(so vr^) < Ar'iog(ar^) 

and our main condition on p, reduces to 



M > ^1 ^Aj ^log((Ti ^) 



This holds because 
Finally, since 

if follows that the first bound in part (ii) of Proposition 114.71 reduces to 

El 



CT2 < CTiM ^ 



^\Ui\<<Ji 



Applying Proposition 114.71 we define and B'^ as the union over all possible choices of / and g as 
explained above of all intervals Ui and 14 respectively as in Proposition ll4.7l Recall that due to property 
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(iii) in Proposition [TJTT] the intervals Ug depend on function / only. Therefore B'^ is a union of at most F 
intervals. The set is a union of at most FG intervals. Furthermore, 

mes {B'J < criF < Ar-2£0g4«''i (^g^^)-i exp(2(log iV)!/^) < N'"" 

mes (6^0 ^ (^2FG < TV-'^e^"'' (XaXi)-^ N'^^^'" < N-'^+^ 

as claimed. The complexity bounds are as follows: 

compl(6;) < MF < exp(V^) 
compl(S;^) < MFG < 

as desired. Finally, suppose (|14.19p had a solution for some x satisfying all the conditions stated above. 
Although the segments from (|14.19p do not necessarily belong to our list of segments described in the 
beginning of the proof, locally around x they would have to agree with some choice of segment from our 
list. Therefore, for some choice of f,g as in (|14.20p necessarily 

\f{x,Uj)\ < (72, \g{x,Uj)\ < (72 

contradicting that oj ^ Bn, see ProDOsition ll4.7l □ 

Remark 14.9. The purpose of this remark is to comment further on the set of exceptional lo in Propo- 
sitioned^ Recall that we assume that 

(14.22) ujeTc.a\BiN), BiN):=B'„UB';un„ 
with the effective bounds 

mes {B'J < N-"", compl(6;) < exp((logiV)i/2) 

mes {B';,) < N-'^+^, compl(6;0 < 

Here 0<eo^l; d>4 are arbitrary, provided 

N > No{V,c,a,j,5o,Si,A,d, eo) 

and So, Si, A are parameters as specified in Corollary \14-S\ For the rest of this paper we fix all the 
parameters except d in such a way that the corollary holds. Thus the statement of Corollary \14-S\ holds as 
long as N is large enough depending on d. Recall also that 

n<n'<100n 

where 

mes{flm) < exp(— (logm)"^), compl(f7,„) < m'^ 
n X (log A^)'^. R is convenient to use the outer Hausdorff measures 7i"{J^), C M. 

KiT) := inf { |/,r : ^ C (J/,, sup |/,| < r] 

-3 

3 3 

where 0<q;<1j'">0 are arbitrary. For d > 7 define 

(14.23) a(d) = 4/(d- 3), r(7V) = exp(-(loglog A)-^) 
Then 

Kl^\{B{N))<eM-i^og\ogN)^) 

where B = A/2. 



88 



MICHAEL GOLDSTEIN AND WILHELM SCHLAG 



15. Resonances and the formation of pre-gaps 

The main objective of this section is to estabhsh the resonance sphtting picture for the RcUich 
parametrization of the eigenvalues similar to the one described in Figure 2. For ease of notation, we 
mostly drop oj from functions when it appears as an independent variable. 

We begin with the following statement, which formalizes the idea that we can make a positive slope 
/-segment intersect with a negative of the same scale by means of a shift ot the form mui. Of crucial 
importance is the fact that the intersecting segments can be chosen to be regular unless we are inside a 
spectrum free interval of energies in the sense of Section [121 

Lemma 15.1. (i) Fix S > small and let (a;) , , } and {Ej~^ {x),X2,X2} be a positive- 

slope and a negative- slope I -segment, respectively, where I = [E_,^], with E — E_ > exp(— TV*). 
Then for all N_ > No{6) there exists an integer m G [exp(iV''), cxp(2iV*)] and Xq G {xi,xi) such 
that 

(15.1) E^f-\xo)^E^f-\xo + mu;). 
Moreove¥^. 

(15.2) dist(xo,{x^-,Xj}) > C{V)-\E-E) 
for 1,2. 

(ii) Given a scale £ and interval {E'q,Eq), E'^ — E'^> exp(— (log^)"^), either the interval 

[e'„ + ^cxp{-{\ogif ),E'^ ^ 1 exp(-(log^)^)) 

is spectrum free, or at some scale < N_ < i^'^ there exist a regular positive- slope I-segment 
{EjY~\x), Xi,xi^ , a regular negative-slope I-segment \^Ej^\x), X2,X2} , I — [E_i^] C [Eq,Eq], 

E — E_> exp(— jV''), an integer m S [expfA^*^), exp {2N^)\ and a point xo G isLi^xi) such that 
conditions (|15.ip and (115. 2p hold. 

Proof. (i) Assume for instance, x^ < 3l2- Then necessarily also xi < X2- Let yi — X2 ~ xi and 
2/2 — 2l2 ^ Si-i- The function 

hiE)^{E^fy\E)~{E^^Y\E) 

is strictly decreasing and satisfies h{E) — yi, h{E_) = y2. Let AE := E — E, e' = E — AE/A 
and E; = E + AE/4:, and define y[ := h(^), y'^ := h{E[). Then 

y'2~y[>C{V)-\E^E)>C{Vr^eM-M!) 

Hence, by the Diophantine nature of w, there exists exp(7V'') < m < exp(27V'') so that {mu} G 
{y'i,y'2)- Consequently, there is a unique Eq £ {E,E) so that h{Eo) = {muj}. Set xq ■= 
(^Ejj-^) ^{Eq). By construction, x^ < xq < xi and 

Elfixo+mu;) = Eo=E^f-\xo) 
as desired. Moreover, (|15.2|) follows from 

dist{Ea, {E,E}) > AE/4 
(ii) This part follows from part (i) due to Proposition 1 12.151 

□ 

For the rest of this section we fix a regular positive-slope /-segment {EjY~\x), Xi,xi} , a regular 
negative-slope /-segment {Ejf-\x),X2,X2}, I ~ [E_,^, E ~ E> exp(— iV'^), 
(i) \d^E^-^\ > exp(-iV*) for any x € ix^,Xs), s = 1,2 

^^{•Hj 1 } here is the set with these two points as elements. 
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(ii) Xs-x^> exp{~Nf) 

where S > can be made arbitrarily small but fixed and N large depending on S. We also fix an integer 
m £ [exp (jV*^), exp (27V'^)] and a point xq & (21,^1) such that condition (|15.ip holds. As usual, we 
denote the eigenvalues of H[^is^^i^]{x,uj) by Ej'^\x), I < j < 2N + 1, and a normahzed eigenfunction 

corresponding to Ej^\x) by 'ip'^'^\x, •). As in the proof of the previous lemma, Eq := Ej^\xa). In the 
following proposition, we pass to a larger scale. The idea is as follows: since they are regular the segments 
Ej^\-) and Ej^\- + muj) correspond to eigenfunctions supported on [— iV, TV], and [m — TV, to + TV], 
respectively which are exponentially small near the edges of these intervals. Hence, they each generate 
an approximate eigenstate of the operator H^_n n]{x,(^) with eigenvalues close to Eq. Proposition 115.21 
quantifies these qualitative properties. What remains to be done as far as Figure 2 is concerned is to show 
that there is a true bottom arc E~ , i.e., an arc that achieves its maximum in the interior of the interval 
on which it is defined. 

Proposition 15.2. Let < eo < ^ be arbitrary but fixed, and < 6 <^ ^ where A = A(y,7,a, c). Set 
N [exp(iV^'')], n := [(logiV)^]. We assume that 

tu e T,,, \ {B'„ u B'; U Cln) 

as in C'orollary \14.8\ 

(a) For any interval [N',N"], with n < N" - N' < lOOn, N'^°''° < \N'\ < 2N and any \x - xo\ < 
N^'^^^ where d is as in Corollary \14-8\ one has 

spec{H[N',N"] (x)) n (Eq - k,Eq + k) ^% 

with K N-"^ 

(b) For any xq — N^"^^^ < x < xq + N^"^^^ there exists ]{, j'2 (possibly depending on x) such that 

\E^r\x) - e\'^\x)\ < eM-N}^^), \e\-\x + muj) - E^P(x)\ < eM-N}/^) 

1 1 

(c) For any Xq — N^^~^ < X- <a;o — ^ (resp. xq + e~— ^ < x^ < xq-\- N~'^~^) there exist j'l , 
respectively j'^^j'^, {possibly depending onx^^xj^) such that 

Eo - C{xo - x_) < E^l\x^) <Eo- (xo - exp(-iV*) 

Eo - C{x+ - xo) < E^^\x+) <Ea- {xa - x+) exp(-iV*) 

Eq + (xo - x_)exp(-7V'') < E^S'\x^) < Eq + C{xq - x^) 

Eo + (x+ - xo) exp(-7V^) < e'.!!\x+) < Ea + C(x+ - xo) 

(d) IfE^.^\x)e {Eo-N-'^/2,Eo + N-'^/2) for some xe [xq - N-"^-^ , xo + N-'^-^] then 

\iljf\x,n')\ < exp(-7ln'l/4) V \n'\ > 

(e) IfE\''\x),Ef\x) e (Eo - N''' /2, Eo + N''^ /2), j^f, x e [x_,x+] then 

\Ef\x) - Ef\x)\ > T = exp(-7V"^«) 

Proof. To prove (a) we use Corollary 114.81 Recall that we assume that oj E Tc,a \ {B[-^ U B'^ U We 
set So := 6, 61 := 35, Eq := 1/50, ui := N, 712 = rii, := N" - N' + 1, mi := m, TO2 := iV'. Then all 
conditions of Corollary [Uphold. Let Jx - xo] < N-"^-^. Then 

\Ef\x)-Ef\x + m,uj)\<C{V)\x-xo\<N-'' 
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Due to Corollarv ll4.8l one > N for any 1 < j < 2n3 + 1 which proves 

(a). Since {Ej'^\x),Xi,xi} is a regular segment we have N}^^ < iy^^\x) < N_ — N}^'^. Therefore, 

\\iH[-NM^) ' Ef\x))^f\x, Oil < eM-N}h 
whence there exists j'l such that 

\Ef\x)-E^;;\x)\<eM-N}'') 
The proof of the statement regarding E^^\x) is similar. Thus (&) holds. Because of (jl5.2p and 

d.,E^f-\x) > exp{~Nf), X e [x„xi] 

(15.3) 

d^E^^\x) < eM-Nf), X G ^2,^2] 

part (c) follows from (5). To validate (d) and (e) we invoke Corollary [721 Indeed, part (a) of the current 
proposition implies that the condition needed for CoroUarv 17.21 are met. Therefore, (d) and (e) hold. □ 

Remark 15.3. The previous proposition is based on the elimination via Corollary \14-S\ and not via 
resultants as in Proposition 15.51 This is crucial, as the latter method of elimination requires the removal 
of some subset of the energy E. Although the subset in Proposition 1 5. 51 is small, its removal would destroy 
the argument. 

The following lemma establishes the existence of the E^ branch in Figure 2. 
Lemma 15.4. For N large, there exists jq with 

(15.4) \E^^^\xo) - Eo\ < CiV)N'^-^ 
and an interval [x-,x+], 

(15.5) < xo - a;- < N^"^-^, < x+ - xo < TV"''-* 

such that E^^\x) assumes its maximum over the interval at some point x^'^^ which is located 

"properly inside the interval", i.e., 

(15.6) X- + C-^N-'^-^^ < < x+ - C'^N-'^-^^ 

Proof. To establish this lemma we use Proposition 115.21 and the property that the graphs of -E'j^'' (x) , 
1 < j < 2N + 1 never intersect. Set 

x-{k) =xq~ kN-'^-^, l<k<N'^ 
E^{k) = Ef\x^{k)) 

J-{k) = {j : \E^P{x-{k)) - E^{k)\ < exp(-iV3)} 

where fc > 1. Due to part (b) in Proposition 115.^ each set J-{k) is non-empty. Furthermore, due to the 
fact dxEj^\x) > exp{—Nf) one also has 

E-{k-l) > E- (k) + N-"^-^ exp{-Nf) 
Let j e J-(k) for some k. Assume that 

(15.7) maii{Ef\x) : x e [x-{k), xq]} < E^{k - N) - eyii>i~N}^^) 
Then clearly one has 

(15.8) j ^ J-{k') for any fc' < fc - iV 

Since there are only 2N + 1 eigenvalues Ej^\x) in total there exist N'^ > fc- > and j_ G J-{k-) 

such that 

max{£;j^^(x) : x e [x-{k^),xo]) > E^{k^ - N) - eicp(-N}'^) 
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Analogously, we set 

x+{k) xo + kN-'^-^\ I < k < N\ 

E+{k) E^^\x+{k)+mu), 

J+{k) {j : \E^/\x+{k)) ~ E+{k)\ < eM-N^)} 

We want to show that there exist /c+ and E J+(fc+) such that the following conditions hold 

(a) max{E^^'^\x) : x G [xa,x+{k+)]} > E+{k+ - N) ~ exp(-iV^), 
{13) E^{k^) - iV-''-" < E+{k+) < E^{k^) + CN-'^-^. 
To achieve this note that due to (|15.3p and A;_ > /2, one has 

^_(fc_) <Eo- ^N-'^-'^' exp{~Nf) 

On the other hand, 

E^{k^) > E^{N^) > Eo- CN^'^-^ 

Once again, due to (|15.3p . 

Ef-\x+{N') + mu:) < Eo - N~'''^eM-Mf) 
Hence, there exists fc^ < iV"^ such that E+{k'_^ + 1) < E^ik-) < E+{k\). Since 

- ^A^^''"'^ exp(-iV'^) > E^{k\ > E^P{x+{k' + I) + muj) > Eo - Ck'N-"^-^^ 

one has iV^ > fc+ ^ A^^ exp(— A^*^). Applying an argument analogous to the one used to determine /c_, 
one finds fc+ G — N'^^k'j^] and j+ G J+(fc+) such that condition (a) holds. Furthermore, 

E+{k+) > E+{k'^) > E^{k^) 

E+{k+) < E+{k'+ - N^) < E+{k'+) + CN-'^-^ 

< E+{k\ + 1) + CN-'^-^^ + CN-'^-^ 

< E^{k^) + CN-'^-^^ + CN-'^-^ 

Therefore, condition (/3) holds. To finish the proof of the lemma assume for instance that 

(15.9) Ef\x+{k+)) < E^^^ \x+{k+)) 

Then 

max{£;j^^(:E) : a; G [a;+(fc+) - AT"''-", 

< Ef_\x+{k+))+CN-''-^^ < E^^\x+{k+)) + CN-''-^^ 

< E+{k+) + exp(-7V^) + CA-'^-" 
<Ef_\x^{k^))+2,CN-'^-^ 

Furthermore, 

max{i;]f\a;) : x E [x-{k-),x-{k-) + N-'^-'^]] < Ef^\x-{k-)) + CN^'^-'^ 
On the other hand, 

max{£'j;'^^(a;) : a; G [a;_(fc_), a;+(fc+)]} > max{_Ej;'^-'(a;) : x G [a;_(fc_),xo]} 

> E_{k_ -N)- exp(-iVi/3) > £;j^^(x_(fc_)) + A"^"'^ exp(-7V'^) - 2exp(-Ai/^) 

> E^/^\x-{k.)) + ]:N-^-^ cx^i-N^) 
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Set jo = j-, [x-,x+] := [x_(fc_),a;+(fc+)]. Then (fTOTB)) holds. Note that 

< xo ~ x-ik^) < N-'^-^, < x+(fc+) - < iV"''"'' 
since fc_ < A^^, fc+ < iV"^ as well as 

lE^ixo) - Eo\ < ^(a;o) - + - E_{k_)\ + \E_{k.) - i?o| 

Hence (|15.4p . (|15.5p also hold. Consider now the case opposite to (|15.9p . Since the graphs of e''-^\x) and 

3+ 



e'"-^\x) do not intersect one has in this case 



for all X. Hence, 

max{i;j^)(x) : x £ [x_(fc_), a;_(fc_) + A^"''-"]} < ma.x{E^^'^\x) : x e [x_(fc_),.x_(fc_) + TV"''""]} 

< E^ix-ik-)) + CN-'^-'^^ < E-{k-) + exp(-iVi/3) + CN''^-^'^ < E+{k+) + 2iV~'^-" 

< £;jf' (x+(fc+)) + exp(-iVi/3) + 2iV-'^-" < )(a;+(fc+)) + aiY^"^-" 
Furthermore, 

max{i;]f)(a;) : x e [x+(fc+) - A^"''-"^ a;+(fc+)]} < E\'l\x+{k+)) + CN-''-^'' 
On the other hand, 



max{i;];'^^(a;) : x S x+(fc+)]} > maxji;];'" (x) : x € [xo,x+(fc+)]} > 

- iV) - exp(-7Vi/3) > £;+(fc+) + iV-''-i"cxp(-7V'') - exp(-iVi/3) > 
£:,|^^(x+(fc+)) + Ar-'^-i°exp(-iV'') - 2exp(-iVi/3) > + i^V-^-io exp(-iV'^) 

Set jo = j+- Thus (fT?:^)) and follow. Finally, 

)(xo) - E,\ < \E^^^\xo) - E^^^\x+{k+))\ + |i?W(x+(fc+)) - E+ik+)\ + \E+{k+) Eo\ 

and (|15.4p holds as claimed. □ 

For convenience we summarize the conclusions of Lemma 115.41 and Proposition 115.21 in the following 
corollary. 

Corollary 15.5. Using the notations of Provosition \15.B there exists jo and an interval [x_,x+] C 
[xq - N-<^-^, Xo + iV-'^^4] g^^f^ ^f^^^ 

(1) The function E^^'' (x) := Ej^\x),x G [x_,x_|_] assumes its maximal value of the interval [x^, x.^.] 
at some point x(°) G [x_ + CN-'^-^^, x+ - CN-'^"^^] 

(2) For any x G [x_,x+] the operator i7[_jv.jv] (2;) has no eigenvalues in the interval 

{E^-\x),E^-\x) + r), r = exp(-Ar"^«) 

(3) The eigenfunction ip^~\x,n') := 'ipj^\x,n'), obeys \'ilj''^'^{x,n')\ < exp(— ^|n'|), for \n'\ > N^/'^. 

Next, we will establish that any energy E e (x*^°'), i?^^^ (x^°') + r) generates two complex zeros 

of f]y{-,E) with imaginary part bounded below. In order to do this, we apply the Weierstrass preparation 
theorem as in Corollarv l2.28l to /Ar(z, E) relative to the z- variable locally around the point 

(z(0),i?(0)), z(o)=e(xW), (xW) 
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Thus, there exist a polynomial P{z, E) — z^+ak-i{E)z''^^ + - ■ ■+aQ{E) with aj{E) analytic in I?(£'("\ ri), 
where ri x exp(-iV^^^o), and an analytic function g{z,E), {z,E) e V = I?(z(°\ri) x 'D{E'^°\ri) such 
that: 

(a) fN{z,E) = P{z,E)g{z,E), 

(b) g{z, E)^0 for any (z, E) e V, 

(c) For any E g 'D{Eo,ri), the polynomial P{.,E) has no zeros in C\I?(z^°\ ri), 

(d) 1 < k = degPN{-,uj,E) < {logNfo 

Here the property A: > 1 is due to the fact that /Ar(z^°\ — 0. We can now derive the following 

result: 

Lemma 15.6. For any E G {E^-^^ + ri/4, iJ^"^ + ri/2), the Dirichlet determinant fN{-,E) has at least 
two complex zeros ^± = C^{E) = e{x{E)±iy{E)) € V{e{x^°^),Ti), with ri/Ci < \y{E)\ < r^. 

Proof. For any E G I?(i?o,7'i), the polynomial P{-,E) has at least one zero C{E), with C{E) G 2?(z(°\ri). 
Let G +ri/4, +ri/2) be arbitrary, and let Ci = C(£^i) = e{xi+iyi). Note that - Cn < 

E'^-\xi) < E^°l Therefore, 

E'--^xi) + ri/4: < E^°'^ +ri/4 < Ei < +ri/2 < E^-\xi) + Cri < E'--^xi) + t/2 

Furthermore, recall that due to condition (2) of Corollary 115.51 the operator Hm{xi) has no eigenvalues 
in the interval {E'^~\xi)^ E'^~\xi) + r). In particular, 

dist [spec (i?[_Ar^Ar](2:i)),£^l] > ri/4. 

Since Hn{xi) is self adjoint and 

\\H[-N,N]{xi) - H[_N^N]{xi + iyi)\\ < C\yi\, 

one has also 

= dist [spec {H[_N^pf]{xi +iyi)),Ei] > ri/4 - C\yi\ 

The determinant fi^{e{x), Ei) assumes only real values for real x. Therefore, each complex zero C,i 
produces a conjugate zero and we are done. □ 

The following is the main result of this section. Due to the fact that an eigenfunction ■0 of H[_Ar_Ar] {x, uj) 
which is very well localized in [—A'', N] remains close to an eigenfunction of this operator if it is translated 
inside of the interval we obtain a whole sequence of complex zeros as in the previous lemma. The 
parameters (5, Eq are as above. 

Proposition 15.7. Using the notations of part (ii) in Lemma \15.1\ assume that 

{E', + i exp(-(log^)-4), K - i exp(-(log£)^)) 

is not spectrum- free. Then there exists N = [expfTV^*^)] with P < N_ < £^'^ and an interval {E',E") C 
{E;^, e{), E" - £" = exp(-iV3*) such that for any E G (£", E") the Dirichlet determinant fNi,-, E) has 
a sequence of zeros Ck — '^i^k ± Wk), where k runs in the interval {—N + 2N^^'^, N — 2N^^'^), with 

\\xk -xa- kuj\\ < exp(-iVi/**), expi-N^^"") < \yk\ < exp{-N^°^°) 

Proof. Due to part (a) of Proposition 1 15. 21 one has 

spec {H[pf, pf,q (x, Lu)) n {Eq - K, Eq + k) = $ 

for any |a; — xqI < N^"^^^ and any interval [N' , N"] with 

n < N" ~ N' < lOOn, N^""" < \N'\ < 2N 

where n is as above, k := N^'^. Therefore, due to Proposition 19.31 one obtains 

(15.10) j./,„^„^,(.,s)(e(x),i?o)-0 
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for any 

[Ni,N2] C [-2N, 27V] \ [-2iVl/^ 2N^/'^], N2-Ni> n, 
and any E € {£„ - k/2, Eq + k/2), where Rq exp(-(logiV)'^). Let x(°\ E g + ri/2, E^°^ + ri/2) 
be as in Lemma 115.61 Then the Dirichlet determinant /Ar(-, E) has a complex zero 

C+{E) = e(a;(i;) + iy{E)) € P(e(x(°)), n) 

with y{E) > ri/Ci. Set TVq := [iV^/^]. Then (jlS.lOp imphes in particular that Nq, —Nq are adjusted to 
{'D{C+{E),Ro),E^°'>) at scale 4 [A^^^"*]. Due to Proposition [Ol with (jlS.lOp taken into account, one 
obtains 

(15-11) ^/[-„„,„o,(.s)(C+(i^),ro)>l 

where tq = exp(-£y^) x exp(-7Vi/S). Let fc e [~N + 2N^/^, N - 2N^/^] be arbitrary. RecaU that 

/[Q,b](e(a; + fcw + i?/),£;) = /[Q+fc,&+/c] (e(a; + iy), £:) 

for any x, y, E and any [a, 6]. Using once again Proposition 19.31 with (|15.10p and (|15.1ip taken into 
account yields 

Hence there exists Cki-^) ^ claimed. The argument for Ck {E) is similar. □ 

By a pre-gap we mean an interval of energies {E',E") as described in Proposition 115.71 It remains 
to show that pre-gaps do not fill up again as we pass to larger scales. The following section makes this 
precise. 

16. Proofs of Theorems 11.11 11.21 
To prove Theorem 11.21 we use Proposition 1 1 5 . 7l in combination with the analysis of the quantities 
(16.1) Mn{E, i?2) = ^#{z e Ar,m2 ■■ fN{z, oj, E) = 0} 

from Section m Recall the following relations established for these quantities, cf. Lemma l4!6l 
MN{i^:E,Ri+r2,R2~r2) < 7V/(„(w, -B, i?i - rj, i?2 + ^a) + n^^/^ 

(16.2) 

Mn{Lo,E,Ri+r2,R2~r2) < MN{i^,E, Ri ~ r2, R2 + r2) + n-^''^ 

for any n > NoiV,-f,a,c,c7), N > exp(7n'^), 1 - < i?i < i?2 < 1 + P^°^ where Nq = NoiV,c,a,j), 
p(o) ^ p(o)(]/, c, a,7) > 0, r2 = n^^/*(i?2 - Ri), provided r2 > exp(-7 n'^/100). Here > is small but 
fixed and 7 stands for the lower bound on the Lyapunov exponent as usual. In what follows, < Eq ^ 1 
is small and fixed as in the previous section and we will set a := 20eo. 

Lemma 16.1. Using the notations of Proposition \15.7\ one has for any E e {E' ,E"), and any Ni > 
exp(7 iV^o^o) 

(16.3) MnAE,R'JN),R'_^{N)) <Mn{E,R1{N),RI{N))-2 + CN-^^^ 

where R'±{N) = 1 ± exp{~N^'^^»), R'HN) = 1 ± cxp{-N^^°) 

Proof. Due to Proposition ll5.7l for any E G {E' , E"), the Dirichlet determinant f]y{-,uj, E) has a sequence 
of zeros = e{xk ± iyk), where k runs in the interval {—N + 2N^/^, N — 2N^^'^), 

\\xk -xo- kuj\\ < exp(-7Vi/S), exp(-iVi3eo) < jy^^j < expi-N^^"") 

Since uj g Tc,a, all these zeros are different, i.e., 7^ Ck^ if ^ 7^ ^i- Hence, 

7WAr(B^,i?i,-,i?i,+) < Mn{E,R1{N),RI{N)) - 2 + 2iV-i/2 

where i?i,± = 1 ± exp(— 27V^'^^''). Combining this estimate and (|16.2p one obtains (|16.3p . □ 

We can now prove Theorems 11.21 and 11.11 
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Proof of Theorem ] 1.21 Following the notations of Remark 114.91 given N we denote by B{N) the set of 
exceptional values of ui defined in Corollary 114.81 Recall that due to Remark 114.91 one has 

Kl^\{B{N))<eM~{^og\ogN)^) 

where stands for the corresponding Hausdorff outer measure, r{N) — exp(— (loglog A'^)"^), a{d) = 
4:/{d — 3), A, B > 1 are constants, and d > 7 is arbitrary and provided N > No{V,c,a,^,d). We need 
to iterate the result of Lemma [16.11 Set with some < (5 ^ Eq as in the previous section, N[N, 1) := 
N,N{N,t + 1) [exp{{N{N,t)y)] for all t > 1, and 

B{N,T):= \J B(N{N,t)) 

l<t<T 

Assume that w e Tea \ B{N, T). Given arbitrary 1 <t <T and an interval Et.2) with 

Et^2 - Et,i > exp{-i\ogN{N,t)f), 
either (E't.i, £"4^2) contains a spectrum-free subinterval {E^ ij-E^ 2) with 

K2 - Ki ^ exp(-(loglV(iV,i))^), 
or there exists a subinterval {E'^, E[') with 

E': -E'^>eM-N{N,t+lf') 

such that 

(16-4) _ _ _ _ _ 

MN(N,t+i){E, R'_ (NiN, t)), R'+{NiN, t))) < Mn{E, R1{N{N, t)), i?;(iV(7V, t))) ~ 2 + CNiN, t)-^'^ 

for any E £ {E[, E'/). Hence, given an arbitrary interval {Ei, E2) with 

^^2-^1 >exp(-(logiV)^), 
either {Ei,E2) contains a spectrum- free subinterval {E'j, -^^^E'j, 2) with 

Et.2 - E't.i > cxp(-(loglV(iV,r))^), 
or there exists a subinterval {E'j,, Elf,) with 

E'f,-E'j.> exp(-lV(iV, T + if^) 

such that 

(16.5) MN(N,T+i)iE, R'^(N{N, T)), i?V(lV(7V, T))) < MNiE, R'fiN),RliN)) - 2T + CN'^/^ 

for any E G {Elp,E'f). Recall that due to Lemma [11.51 on translations of regular /-segments one has in 
particular 

Mn{E,Ri,R2) > 1-27V-1/2 

for any E Cz I, and any R2, provided there exists at least one regular segment {E^^^^ {x,U!),x,x^. On 
the other hand, A4n{E,Ri,R2) < C{V) for any N, R2. In particular, using the notations of (|16.3p 
with T := [C{V)/2] + 1 one has 

MNiN^T+i){E,R'^(N{N,T)),R'4N{N,T))) < Mn{E, R'f{N), R'l{N)) - 2T + CN-^/^ < N-^/^ 

for any E G [E'j,^ E'f). Combining this estimate with (|16.2p one obtains 

Mn^[E,R'_[N[N,T + l)),R'^{N{N,T +1)))<Mn{E,R!L{N),RI{N)) < bN-^'^ 

for any A^i > N_{N, T + 2). Consequently, there is no regular /-segment 

{Ef^^{x,uj),x,x}, Ic{E'rr,E'f) 

Due to Proposition 1 1 2 . 1 51 the interval {E!p,E!f) is spectrum-free. Finally, set Bn.cI '■— B(N,T). Then 

Kw(SAr,,)<T+l<C(y) 
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and we are done. □ 

Proof of Theorem ] 1 . 11 It is convenient to split the proof into a few steps. We enumerate these steps as 
a, b, c, and d. 

(a) Using the notations of Proposition 113. ll assume that u; e Tc,a\f^A'i, a; G T \ Bni,u) for some 
-^^1 > -^0- Assume that {Eq,Eq) is a spectrum free interval. Then for any N2 there exists 
N>N2 such that 

y spec (i/f^^+,^^](a;,^)) n = 

Let Eo := {E^ + E^)/2, ctq K " K- Then 
(16.6) mm{\Eo-Ef\x,uj)\ : Ef\x,uj) £ {E' , E"),jyf\x,uj) e [-N + Ni , N-Ni]}>ao/8 

Indeed, assume that \Eq — e'^^^ (x^ui)\ < a^l^ for some jo with 

e\'^\x,uj)£{E\E"), v^^\x,uj)£[-N^n'^,N-N^ 



Then 



Hence, 



dist [£'o,spec {H^^\^^^^^{x,uj))\ < ao/2 

contrary to our assumption. Thus p6.6|) is valid. Due to Remark 113.51 for any x' € T and any 
\E - Eo\ < CTo/8 one has E ^ spec(7J(a;', w)). 

(b) Assume that ui G Tc,a\(^^Ari US^Vi.d), for some A^i > Nq, where BNi,d is defined as in Theorem ll.2l 
Let {E',E") be an arbitrary interval. Then {E',E") contains a spectrum free interval {Eq,Eq). 
Then due to (a), {E'q, E'f^) contains an interval iE[,E'{) such that n iE[,E'{) = 

(c) Set ft' := njv>Aro ^^1- Then fl' has Hausdorff dimension zero. Furthermore, proceeding induc- 
tively, for each d > 7 pick an arbitrary N{d) large enough so that BN{d),d is defined, and also 
N{d) > max(exp(exp(d)), N{d - 1)). Set 

^d--^ u ^Nid'w, ^"■■=r\^d 

d'>d d 

If d' > d then a{d') < a{d) and r{N{d')) < r{N{d)), due to N{d) < N{d'). Hence 

d'>d d'>d 

< J2 cxp(-(loglogiV(d'))^) < E ('^'^"^ ^ '^'^^^ - 

d'>d d'>d 

Therefore < d-^ for any d. Since a{d),r{N{d)) with d 00, the Hausdorff 

dimension of il" is zero. 

(d) Set ri' U fi". Then the Hausdorff dimension of fl is zero. Assume that oj € Tc.a \ ft- Then 
there exist N[, di such that lu ^ f^Arj, and w ^ i8jv(t;),(i for any d < di. Pick arbitrary d > di 
such that 7V(d) > 7V{. Set iVi := 7V(d). Then $7^, C CIn-. Hence, w G Tc,a\(fiAri U BN^d)- Due 
to (6) any given interval {E' , E") contains a subinterval {E[,E'{) such that T,^ n -B") = as 
claimed. 

□ 
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Appendix A. Polynomials, Resultants, and Algebraic Functions 

We recall some basic facts on polynomials. They can be found in [Lanj . chapter 5. 

• A polynomial f{x),x — (xj,...,x^), of v variables Xj G K, j — 1,2. ..n is called irreducible if 
there is no factorization 

f{x) = g{x)h{x) 

with g{x), h{x) being non-constant polynomials. 

• Each polynomials /(x) can be factorized 

m 

with fj{x) irreducible. This factorization is unique up to scalars. 

• Let 

k 

f{xi, ...,x^)^ ^aj{x2, ■ ■ . ak^O 

3=0 
m 

g{xi, ...,x^)=^ bj{x2, ■ ■ ■,Xt,)x{, bra^O 
3=0 

be two arbitrary polynomials of ly variables. The following determinant 

m k 



(A.l) 



R-es(/, 5) = 



flfe 

afe-2 afe-i 

ao ai 

ao 





bm 

bm — 1 byyi 

bm-2 bm-l 







is called the resultant of / and g with respect to the first variable. For arbitrary variable Xj the 
resultant is defined similarly. 

• Let f{z) = z'= + afc_iz'=-i + - • - + 00, g{z) = z™ + &„_iz™-1h h&o, a,,bj e C. Let 1 < « < ^ 

and rjj, 1 < j < m he the zeros of f{z) and g{z), respectively. The resultant of / and g satisfies 

Res{f,g)^Y[{Q-V,) 

The discriminant of the polynomial / is defined as 
(A.2) disc/ = n(^'-^^) ■ 

One has also 

disc/ = (-ir("-i)/2Res(/,/') . 

• Let R{x2, . . . , x^) be as in (|A.1[) . R{x2, ■ ■ ■ , x^) is a polynomial deg(i?) < deg(/) deg(g). Recall 
that for 

(A.3) /(:e)=^Cc.x" 

The degree deg(/) is defined as max{|Q;| : Cq, 7^ 0} Here 

X — {x \ ^ . . . ^ X y '^ ^ (y. — {(y. \ . . . ^ OLi/^ ^ X — x-^ X2 • • . Xj^^ . 
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• The main property of the resuhant is as foUows 

Rif,9) = 

If and only if 

f^hfi, g = hgi 

k 

• In particular, if / = • • ■ ? ak{x2, ■ ■ ■ , x^) ^ is irreducible, then 

0=0 

Res(/,g) = 

for any g. 

• Let f{x,y),g{x,y) be polynomials of two variables, x,y €M.. Bezout's Theorem says that if / or 
g is irreducible then the system 

f{x,y)^Q, g{x,y) = 

has at most m ■ n solutions, m — deg f,n — deg g. 

• Let f{x, y) be a polynomial, and let 1^(3;) be a function defined on some interval [a, h] such that 

(A. 4) f[x,(p{x)) — 0, for any x e [a, 6] 

has mim — 1) solution at most. If for some xq G [a, b] 

dyf{xo,y{xQ)) ^ 
then (p{x) is real analytic in some neighborhood of xq, 

d^(f = -dxf/dyf 

On the other hand ifip{x) is real analytic on [a, b] and obeys (|A.3|) . then there exists an irreducible 
polynomial f{x,y) such that 

fi{x, ip{x)) = for any x G [a, b] 

for any /i G M the number of solutions of the equation 

does not exceed 2m(m — 1), where m = deg/. 
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